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Examples Random Phase Oscillator

Example: X (t) = α cos(ωt + Θ)

Consider the output of a sinusoidal oscillator
that has a random phase and amplitude of the form:

X (t) = cos(ωt + Θ)

where Θ∼ U([0,2π])

the explicit dependence on the underlying sample space S
the oscillator output can be written as

x(t,Θ) = cos(ωt + Θ)

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

µX = EΘ(xt(Θ)) = EΘ[cos(ωt + Θ)]

= EΘ[cos(ωt)cos(Θ)− sin(ωt)sin(Θ)]

= EΘ[cos(Θ)]cos(ωt)−EΘ[sin(Θ)]sin(ωt)

µX = cos(ωt)

(
1
2π

)∫ 2π

0
cos(θ)dθ−sin(ωt)

(
1
2π

)∫ 2π

0
sin(θ)dθ = 0

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

the correlation between the R.Vs x(t1) and x(t2)
denoted as RXX (t1, t2)

RXX (t1, t2) = EΘ[x(t1)x(t2)] =
∫ 2π

0
cos[ωt1 + θ ] cos[ωt2 + θ ]dθ

=

(
1
4π

)∫ 2π

0
cos[ω(t1 + t2) +2θ ]dθ

+

(
1
4π

)∫ 2π

0
cos[ω(t1− t2)]dθ

=

(
1
2

)
cos[ω(t1− t2)]

.
http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

time averages of a single sample function
or realization of the random process X (t).
the sample mean of the random process
irrespective of the sample realization that we choose is:

〈µX 〉T =
1
T

∫ T/2

−T/2
cos[ωt + Θ]dt

As T → ∞ we have:
lim
T→∞

〈µX 〉T = 0

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

The sample mean of the process is therefore
independent of the particular ensemble waveform
used to calculate the time-average, i.e.,
independent of the value of Θ for the realization.

lim
T→∞

E 〈µX 〉T = µX (t) = 0

lim
T→∞

Var〈µX 〉T = 0

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

The random process X (t) is therefore
ergodic in the mean (first-order ergodic)
the sample ACF (Auto-Correlation Function)
of the random process X (t).
The sample ACF is again independent
of the particular realization of the process

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

lim
T→∞

〈RXX (τ)〉T = lim
T→∞

1
T

∫ T/2

−T/2
cos[ωt + Θ]cos[ω(t− τ) + Θ]dt

= lim
T→∞

1
2T

∫ T/2

−T/2
cos[2ωt−ωτ + +2Θ]dt

+ lim
T→∞

1
2T

∫ T/2

−T/2
cos(ωτ)dt

=
1
2

cos(ωτ) = RXX (τ)

.
http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

The random process X(t) is therefore
ergodic in the ACF (second-order ergodic)

lim
T→∞

〈RXX (τ)〉T =
1
2

cos(ωτ) = RXX (τ)

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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Example: X (t) = α cos(ωt + Θ)

The power-spectrum of this random signal, i.e.,
the Fourier transform of the ensemble ACF
can then be computed as :

PXX (Ω) =
π

2
[δ (ω + ωc) + [δ (ω−ωc)]

Note that this expression for the power spectrum is
identical to the expression for the spectrum
of a deterministic sinusoidal signal.

http://ece-research.unm.edu/bsanthan/ece541/examp.pdf
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