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Taylor Series

A power series in powers of (z—z) non-negative powers
flz) = Z a,(z-2z,)" = a, + a,(z—-2,) + 02(2_20)2 + (13(2_20)3 + a4(2_20)4 + o
The Taylor series of a function f(2) non-negative powers
fY(z) = a, +2a,(z—z,)" +3as(z-z,° +4a,(z-2,° +--
F(z) = + 3la, +4-3-2a,(z-z,)" +
f"(z) = nta,
0 n 0 1 _ 1 (n)
flz) = Z a,(z—z,)"| = Z ; (2 —z,)" a, = m f(z,)
n=0 n=0 .

converges for all z in the open disk with center z, and radius
generally equal to the distance from z, to the nearest singularity of f(z)
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Cauchy's Integral Formula

f(z) : analytic on and inside simple close curve C

‘ fla) = 2n1€ﬁ f

§ — 45 f(Z) dz

ccwCZ Cl

\h

z=a+ pe’ = dz =ipe’ds

- dz _ ipe"de

i0

the value of f(2)
atapoint z =a inside C

Z—d pe
chfcj; p = ff(z)ide = 2xni f(a)
f
_f( 275143 ]
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Taylor Series Coefficients

A power series in powers of (z—z) non-negative powers

3

f(Z) — i Z ZO = a, + al(z—zo) + 02(2—20)2 + (13(2—20) + a4(2_20)4 + .-

The Taylor series of a function f(Z) non_negative powers
flz) = X alz-z) = X o f "z (z -z a, = 2 f"(z,)
(n) n! f(w)
f (Z) 23_” f (W—Z)n+1dw l
— N 1 f(W) . n 1 f(W
Flz) = n;) 2ni Sf (w—2,) aadw|(z = z) = 2ni C (W_ZO)"+1dW
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Taylor Series From Cauchy's Integral Formula

1 g flz) §(z=2)

2) = = S 1E=L0 dz
fl ) 23‘51?(2'—20) nZ:%) z'— 2z,
poles

R
i 1 _ 1
z2'—z  (2'—2zy)+ (z,— 2)
_ 1
Z0g— Z
: (2 =21+ 122
. (2"~ z)
_ 1 . 1
Integration along the Deformation Integration along (z' = z,) Z— 2
arbitrary contour C Theorem the contour C' 1 - 7' — 2
0
+ o0 n 0 i
(2 = 2) 1 =1> £~ %9 _ 1 Z— 2y
(Z'—ZO)< 1 ‘ 1 Z—2Z, n=0 ZI_Zo ‘ (ZI_Zo) nZ:O Z —Z
\ZI — ZOI
i Young Won Lim
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Taylor Series Convergence

poles

Y
L

poles A

° Zz' onC'
Z within C'

Integration along the Deformation Integration along
arbitrary contour C Theorem the contour C'
1 ]C' + o0 Z ZO |
Z| = ; dz
flz) anéﬁ.(z—z =2 -z,
vl f(z') | n
Z) = : dz'|(z—2z

+
8

flz) = 2 a,(z—z) q = ™ (z)

3
1l
o
~
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A Taylor series expansion at
z, converges in this region

Zz must be within the largest circle
centered on z, that can be inscribed

within in C

‘ (Z. ~ Z,) < 1
(Z - Zo)

For Taylor Series

Any C must enclose z_
Any C must not enclose any poles
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Taylor Series ROC

f(z) :the function value at z .~ contour integration along C'
Z
e 1 g flz)
_ Z,) = , dz'
flz) = 3 alz-2) fled = 558 =
a = f(n)(zo)
non
Taylor series expansion at
o z_ converges in this region
1 f(z') n
flz) = Sdz'|(z - 2,
n=0 27”? (ZI —Zo)n ! °
Converges because 24 . Z'
zZ—2Z For Taylor Series
—((Z' — ZO)) <1 £ 7 %o \/:0 Any C must enclose z,
0 Z, Any C must not enclose any poles
i Young Won Lim
Complex Series (3C) 8 3



Laurent's Theorem and Coefficients

lC

‘f(Z) = dy t Cll(Z—ZO) + az(z—zo)z + .-

f(z) :analytic in the annular domain D

between concentric circles C1 and C2

‘

convergent in the domain D

centered at z, r<lz-zy|<R

+ b (z2—2,)" + by(z—2z,) % + - any simple closed path C in D
Gn 2151 c (ZfZ))ml dz b, zlm c (Z_fz(oz))ml dz
f(z) = ngw a,(z -z, = niw 21” gf (z]—C(zZO))"” dz|(z - z,)
U = ziic (sz))k” dz
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Contour Integration and Coefficients

flz) = aozo+a121+0222+a323+---+b12_1+b22‘2+b32‘3+...

QO ~—y
—

(2)dz = [ a,2°dz+ [ a,z'dz+ [ a,z°dz+-+ [ byz dz+ [ b,z > dz +--
C C C C C

GO°23131 0+1

Q) S~y
‘E
Q.
N
[

—
|Q
(@]
Q,
N
+
—
'_\Q
(=]
Q.
N
+
—

\Q\
Q,
N
+

Q) ~—y
\h

N
Q.
N
[
N

—

Z ) 1
ff(z)dz:fao‘dz+fﬁdz+fazz° z+ ff(z)dz:al-an i
c 2 C c % C c z
fff)dz:fa dz+ [ a,z” dz+f&d2+“' fﬂf)dz:az-zm =
c < C C c < c Z z
[ Flz)dz = -+ [ Ddz+ [ 22 a2 2 azre [ flz)dz = Dby2ni 1
c c % C c Z c z
b, = a,
| flz)zdz = -+ [ b, dz+fﬁdz+f %5 dz 4 | f(z)zdz = b,2ai 212”
C C C Z Z C
b, = a,
b .
[ flz)2*dz =/4’/blz d%dwf Bdz .. [ flz)2?dz = by2xi L
c C C c % c D z
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Contours : C1, C2, Cz

poles poles A A Taylor series expansion at
X 1 z_converges in this region
o o [ 0 '
C C °
ZI
( .
V4
> \\_O, >
YL -
° °
Integration along the Deformation Integration along
arbitrary contour C Theorem the contour C'
Z, the center flz') . analytic forallz' in this region
z the evaluation point f(z') . . . :
, . : analytic forall z2 inthis region
z' the contour point (z'—2) _
z is excluded
Z' . VA . 1 VA
Lg F2)g, o Lg LE) gy, | L g L
4
f(z)
i Young Won Lim
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Two Converging Regions

flz') g, | o 1 ¢ flz flz) 4
aniz z - 2nzéﬁzz z ' 2751?;2 —Z i
Flz), flz 1 g flz)
= . - d
2miz -z i 27:1552 z 2mf}Ez —Z ¢
c1 z (z—2,) C1 o (z - z,)
2z ~ 1 e N TN
/ z' V(2= 2)
1
& C2 (z = z,) )
\
1
X
. P 4
95 flz __1 ¢ f(zl)dz'
2mip;, 2! z 2nic, 2'-2

Young Won Lim
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Two Representations of 1/ (z' - 2)

- flz _ flz : f(z
2m§22 zdZ B Zmi T 2miz =
.ZI
‘ (2 - z,) 1 ¢ (z' = 2,) < 1
(27 =2, . (-2,
Zo 1 _ 1 1 ZO _ 1 _ ]- 1
(2'-2) " {z'-2) | [z2-2z (2 -2)7 z-2) [z -2,
|z — 2 L= zZ-2z,
— 1 _+°° Z—Zg _ 1 .+°° zZ' — 2z,
(2= z) n;)Z 2, -~ (z2-2z,) ,;) z -2z,
8 (-2 & (2'-z) (2 —z,)"!
e Tr R P Yy s o D U
_ & (z-z) _ ¢ (2-2,)
- 1<Z=;)(Z _Zo)k+1 k=-m - = k:Z_oo (Z _Zo)k+1
1 & (2 z,) -1 D (z=zy)
(z'—2) gb(z — 2./t (z'-2) k_z_:w (2" — 2z, )t
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Two Contour Integrations

_ L g f@) | |1 g flz) | e f(2Y)
flz) = 2m'f£, 7—2°% | = 2m‘£ T 2m‘f£ 7=z’
.ZI
‘ (z = z,) <1 ¢ (z' - z,) <1
(2" = z,) 2 (z - 2,)
1 RS (z — z,) -1 N (z—2z,)
° (z'=2) kzzo(z — 2z, S Eair-] (2= zo)"!
1 ¢ f(z2"),_, 1 ¢ f(z)
2mi z —zdZ Znii z —zdz
_ 1 . (Z_Zo)k _ 1 < (Z_Zo)k .
2nii f(z'") kZ::O(Z._ZO)ku dz = 23_”-2 f(z') k;w Z =2, dz
_ 1 ¢ f(2) 1 s (z2-2z,) _ | f(z') K
f(z) = Mi S pdz = mgf flz)] 2 T dz' = Zw 2 oo ~dz'|(z - 2,)
Complex Series (3C) 14 Young Won Lim



Z-Transform

Unilateral z-Transform Inverse z-Transform
X(z) = 2 xz" X, = L X(z)z2""dz
n=0 23131 C

Bilateral z-Transform

X(z) = Y x.z*

n=-—oo

Laurent Series Laurent Series coefficients

a, = 1.43 f<z) dz

Q
5
|
“on
a
=
N
~
|
N
S _
=
Q.
N
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Transform vs. Series Expansion

Bilateral z-Transform

o L ]
X, transform X(z) 2

Laurent Series

-1 0

-2 -1 0 1 2
flz) = +a,z°+a,z +a,z + a2z + a,z° + -

Complex Series (3C) 16 Young Won Lim
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Types of Complex Series

The Taylor series of a function f () non-negative powers
N v 1 o n 1
flz) = Z (z—z,)" = ;)mf (z0) (2 = 2) an_n_!f (z0)
The MacLaurin series of a function f(z) non-negative powers
_ N _ 1 (n) n —_ 1 (n)
flz) = 2 =12 — f"(0) z a, = — f"(0)
= n=0 . .

Flz) = 3 alz-z) o = b d

The z-transform of a series {q,]

flz) =| Y gz a, = 5§, f(2)2" dz

n=-—oo 231:1

Complex Series (3C) 17 Young Won Lim
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Regions in Laurent Series and Taylor Series

The Laurent series of a functionf (z) analytic f(z)
— N _ n ]- z b
flz) = 2 alz=2) a, == f"z) 5000
converges in the region D between circles C_and C,
centered at z_where f(z) is analytic singular
0 points

analytic f(z) D

The Taylor series of a function f(z)

<
[

no singular points
allowed inside

f(z) = Z afz—z) g = Lz,

singular

converges for all z in the open disk with center z, and radius points

generally equal to the distance from z, to the nearest singularity of f(z)

Complex Series (3C) 18 Young Won Lim
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Coefficients of Laurent Series and Taylor Series

Laurent series

flz) =| Y alz-z,)

n=-—o

* for general f(z)

Y Res f Z)m , Z, the contour C can
z, (2-2) _enclose poles
Taylor series
= 1 o) only for analytic f(z)
n
f(z) = Z a(z-z,) = m ™ (z) the contour C must
n=0 i not enclose any pole
i Young Won Lim
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For a given region

analytic f(z) Laurent series expansion only

S 1 f(z)
flz) = a(z—z) | a = : —dz
n:z—:oo g 0 : 23—51 ¢ (Z_Zo>k !
’ non-singular z, @, = % f<k)(zo)
|
singular : 1
points | singular z a, # T f (Zo)
Taylor series expansion
analytic f(z) £ 1
D flz) =12 a(z=2) a, =— f"(z,
n=0 n!
| %
[

N Z
f(z)l(z-zo) has no singular points f(z) = Z an(z — Zo)n a, = [ 8 f( )n+1 dz
the only pole allowed inside = 271" € (z2-2,)
atz . .

0 Laurent series expansion f(z)
singular = Res|————, 2,
points (2-2,)
Complex Series (3C) 20 Young Wor L



Residue Theorem

z_, z, @ Isolated singularities

¢ f(z)dz = 2ni [Res(f(z), z,) + Res(f(z), z,))

C
+00
Laurent series expansion around z f(z) = Z an(z—zo)"
n=-—o
Laurent series expansion around z, f(z) = i c (z—z,)"
n=-—o

$f(z)dz = $ f(z)dz + $ f(z)dz = 2mi-a , +2xic,

z_, z, : regular points

§flz)dz = §f(z)dz = § flz)dz = 0

C

* f(z) is analytic within and on C <== Cauchy Integral Theorem
. f(z) = F'(z) on C <«== Fundamental Theorem

Complex Series (3C) 21 Young Won Lim
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Contour Integration & Residue Theorem

e f(z) is analytic within and on C
f(z) = F'(z) on C

e
™
S
Q,
N
I
o

$ f(z)dz = 2xi), Res(f(z), z,) = 2ni-a,

+ 00

Flz) = S alz-z) m S __ ¥ _4

P (z—z,) (22,

for general f(z)

1 f(z)

. dz = )R
2mi C(z—zo)k+1 ;m: e

a, =

(Z—Zo)k+1 7 ~m

Complex Series (3C) 22
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Applying residue theorem recursively

$ f(z)dz = Znizk:Res(f(z),zk) = 2ni-a_, f(z)

o

for general f(z)

1 f(z) B f(z) f(2)
D= oqi Clz—z )" dz = ;Res (z—2z,)t" o (z=2,)"
only for analytic f(z)

_ 1 f(z) _ f(2) B (Y f(2)
ak - 23_” C (Z—Zo)k+1 dZ - ;RQS (Z_Zo)k+1 s Zm - k' f (ZO> (Z_Zo)k+1

f(z)I(z-z ) has
analytic f(z) the only pole
at z

Young Won Lim
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Laurent Expansion Example

-
- -
P ~

1 1 1 )
zZ = — = —= 1< Z_2<2 o case 6
f(z) z(z—1) z " 7291 | | JUETEEN . .
) .
. . . 4 ~
Z=+2 ot an isolated singular point \ 4
# < 1 el ’
11 1 2 — 2|
z-1  1+2-2 1
-2)[1
(z=2)|1+ z—2 Lemm .
1. 2
1 1 1 1 ¢ ¢
= — |1 — + - — g 0o '
z—2 (2-2)  (2=2) (2-2) AN
1 1 Lt
Z 2+Z_2 ( 2—2 4" Y
201+ = _ ; |
lz —2|< 2 f1 2 ,
1 2-2) (z-2P (z2-2) e ;
_ L[y (z=2) (zo2f (2=2P 2 2] : ;
2 2 2 2 — <1 1 ;
2 . ":
essential singularity NS
i Young Won Lim
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Laurent Expansion - at the three ROC's

1 e
flz) = z(z-1) =z t 701 )
_ P S SR | _l+(z—2)_(z—2)2 4 .
flz) = [ (z=2) (z-2)7* (z-2) 2 22 23
f(z) = +%—%(Z—2)+%(2—2)2+ .. l ‘-.;' .
= |+ 1 _ 3 7 + S 1
f2) = " 2P " em2r " =2 ]
Complex Series (3C) 25 Young Won Lim



Laurent Expansion Coefficients at the ROC 1

T
flz) = 2z-1) 2z " z-1
R \
1 f(z) f(z) 5
a, = dz = ) Res Z 3 4
k 2 i (Z 2'0)k+1 ZZ (Z Zo)k+l \\\ _x"'
1 f(z) _ 1 1 11 1
%@ = 2mSJS z2p 9% = zm;,zReS 2(z-1)(z=27" "] T 1(1-2) ( 2" (2-1) ) 2
1 f(z) _ 1 1 1 1 1
= b or 92 = DRl | T Ty (22 <2—1>) 2
1 f(z) _ 1 1 1.1 1
Qo = 29114S )1 dz . zl,zRes z(z—l)(z—Z)l'Zm 1(1-2)" ¥ 2+(2—1)) 2
_ 1 flz _ 1 _
a, = szﬁ ) dz = ZnglRes 21 % =1
_ 1 flz _ (z-2) _
a, = szﬁ ) dz= Z;lRes 2] % = -1
z : the n-th order pole 1 d] 1 _ L d i,y =y (1)
0 p 11 dz z(z—l)] T dz| ZM4(z-1)7 = 27 (z-1)
_ 1 dn_l n 1 d? 1 1 d
ReS(f(Z),ZO) - (n_l)!dzn—l (Z_ZO) f(Z) E d2:2 Z(Z—l)] = Ed—z[z 2—(2—1) 21 = —Z 3+(Z 1)
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Laurent Expansion Coefficients at the ROC 2

flz) = z(zl—l) - _% * zil N
a, = 1 f(z)k -dz = ) Res f(z) , 2, 9 “'@
2717 C (z—2z,)" - (z—z,)""

%= 5uibe (Z—(Z)F dz = 2 FRes 2(2—1;(2—2? o7 (_%+(2—11)3) i +%

% = b (I-(;))Z Iz = T Res\ iy | - (212—(2_%)2) Ei

%= gfe (;—(?)1 de = 2 FRes z(z—1;(z—z)1 i (‘%*(22)) =43

a, = 2}”456(;522))0 dz = ={}Res 2(21_1), Z, =0

a, = 21”430(;_(;))1 dz= ¥ Res Z(fz__zl)), z, = 0

z_: the n-th order pole ll!diz 2(21_1)] = %diz|—zl+(z—1)1] = 2% (2-1)7

Res(f(z), z,) = (n—11)!dd:;:1 (z—2z,)"f(2) % dd; 2(21_1)] - %d%[z”—(z—n—zl = 2 %4(z=1)0
Complex Series (3C) 27 Young o



Laurent Expansion Coefficients at the ROC 3

Complex Series (3C) 28 Young Won Lim
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Taylor Expansion at the ROC 2

1 |
f(z)_z(z—l)_ z " Z-1 )
1, 2
ak — k' f(k)(ZO)
1 2 1 1 7
@ = qf 1) = 2 (2100, |- w
_ 1 = z27-(z2-1)7,_, _(r 1 - _3
a =4/ (2) B (22 (2—1)2) 22
_ 1 L0 = —z‘1+(z—1)‘1|20:2 1 1 _ 1
a, = 5-£°(2) - (_7(2_1)) =41
1 d 1 1 d 1 1 2 2
11dz z(z—l)] - 1_!d_z|_z Hz-1)7 = 27 ~(z-1)
1 d? 1 1 d 2 2 -3 -3
| = maslr e = —a ()
Complex Series (3C) 29 Young Won Lm
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Laurent Expansion Example (5)

Complex Series (3C) 30 Young Won Lim
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