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Laplace Transform — Fourier Transform

Laplace Transform

F(s) ft)e™ dt

|l
o =3

= T (f(t)e™} e dt

I
o
>
=

Fourier Transform

F(x,y) = ) g(t)e™ dt

© =38

for a given x

-

Inverse Laplace Transform

0+100
= f F e ds
ZTEIO' lOO
= ‘yt
f(t) 2:rc1 _f F(x+iy)e*e”'ds
ft) = Lj F(x,y)e e’ ds
2mi

Inverse Fourier Transform
1 + o0

— | F(x,y)e”'dy
271?—00

g(t) =

ds=dx+idy =idy, for a given x
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Fourier Transform — Laplace Transform

Fourier Transform Inverse Fourier Transform
x . 1 ¢ i
F(x,y) = [ g(t)e™ dt — g(t) = == F(x,y)e”'dy
0 —o0
f0e™ = 2 [ Flx,y)edy
s=x+iy, 2n—foo
t)=0 t<O0 _ Lﬂ.m +xt iyt
f(t) f(t) = 2nf F(x,y)e™e”dy

g(t) = {f(t)e™} ,

for a given x,(x>a)

Laplace Transform Inverse Laplace Transform
F(s) = ff(t)e_Stdt =) f(t) = ﬁ [ F(s)e"'ds
0 O,— i

ds=dx+idy =idy, for a given x
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Exponential Order

Laplace Transform Exponential Order o
F(s) = f f(t)e™ dt a function f has exponential order o
0
for s>0 %R(s)>0 there exist constants M >0 and «
the integral converges A such that for some ¢ > t,

if f(t) does not grow too rapidly — £ (0)] ¢
f t < M ea ) t> tO

the growth rate of a function f(t)

0

[1f(c)le dt < o for some o m—p

0

Flelo = Frtoe o = i

0 0

f(t) exponential order © ) Fs) =

dt < T|f(t)|e“”dt<oo fors>c R(s)>o0
0

f(t)e*'dt absolutely converges for s> o

o =3
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Convergence of the Laplace Transform

Laplace Transform

F(s) = | f(t)e ™ dt

O°—°8

(f(t)e™} e dt

[

" f(t) continuous on [0, o)
f(t)=0 fort<O
f(t) has exponential order o
. f'(t) piecewise continuous on [0, )

F(s) converges absolutely

for Re(s) > a

00

[ lf(e)e

0

dt < ©

(e e = [If(0]e™de <«

0 0

absolutely integrable for x > o
mm) Use Fourier Inversion
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Fourier Transform

g(t) = f(t)e™ absolutely integrable for x > «

0 . . 1 + o0 i
F(x,y) = | [f(t)e ™} e™dt gl(t) = ﬂf F(x,y)e"dy
0 —
— ( —iyt 1 i xt iyt
F(x,y) = | glt)e™ dt f(t)=g F(x,y)e"e” dy
0
Fourier Transform g(t) = f(t)e ™ Inverse Fourier Transform
y=+o S=Xx+ [o® f(t) — ﬁj’ F<X’y)e(x+iy)tdy
S=Xx+1iy -
‘ d dS—ldy 1 X+ i
IXxe - st
L = 2‘T“_X_J;K)F(s)e ds
(X> O{.) x+1iy
= hm— F e ds
y=—ow S=X—i yorw 2700 Xfly

X—1y
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Fourier-Mellin Inversion Formula

Flx,y) = ) [f({t)e™]e™dt

F(x,y) = | g(t)e™dt

Oy 8§ © =8

Fourier Transform g(t) = f(t)e ™

Vertical line at x : Bromwich line
y=+0wo S=Xx+ j oo

— |

fixed

(x> o)
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Q
=
I
g
~<
=
QM)
<
Q
<

~~

—
~

~—
I

L xt iyt
27.:_001:("’3')3 e’ dy

Inverse Fourier Transform

S=Xx+1y
ds=idy

B Lx+ioo )
f(t) = zmxfin(s)e ds
1 X+iy
= lim — f F(s)e" ds

y> o0 231:1 X—iy

Complex Inversion Formula

(Fourier-Mellin Inversion Formula)
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Bromwich Contour Integration

Cr RYX-FU)
(04 X
\ ;

S=X—1Yy

contour integration contour integration
onC, onC,

! !

1 st 1 & st
o fcR F(s)e* ds 5ol F(s)e" ds
R-> 1 1
0) D Res(z,)
k=1

L, F(s)e" ds
2mwiv ¢

-1 st L st
= 2m‘fcRF(s)e ds+2m_ch F(s)e* ds

F(s) is analytic for Re(s) = x > a

F(s)all singularities must lie to
the left of Bromwich line

Assume F(s) is analytic for Re(s) = x < o
except for having finitely many poles

Zl’ ZZ’ LAY ,Zn

1 x+iy n

2miY xYy

Residue Integrals (4C)

Young Won Lim
4/23/14



Growth Restriction Conditions on F(s)

:x+iy ForsonCg, somep>0 F(s)| =

i all R > R, R
- limfC F(s)e’'ds = 0 (t > 0)
EX R> d

M
|F(s)| = — Growth Restriction

- |F(s)] » 0 as |s| » «

X—1y
a function f has exponential order o

there exist constants M >0 and o
A suchthat for some t > ¢,

1f(t)] = M e, t>t,
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Contour Integration on C_(x > 0)

[ Fls)erds| = [, |F(s)||e*]|ds]

R DM 72 Ri(—sing)
< ol e " dg
R=>x© ro=1 - OM 2
- c B / - Rp—l 0
looks like 0= - M
<~ I(AB) » 0 R-=w
Rp
— = o Fls)e"ds| > 0 R
AB, DE 0<NR(s)<x

|| < e = ¢ forafixed t>0

R->
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Contour Integration on C_(x < 0)

s = Re'” = R(cos6 +isin0)
est — eRt(cosB+isin6) — ethosBeiRtsine
|est| — ethosO
X |F(s)] < W Growth Restriction
S
C',L
UCR F(s)e“ds‘ < fc |F(s)||e"||ds]|
3n/2 M RtcosH
I o o0 Rd0
M 3n/2 RtcosO
= Rp—l \[n/Z t do
s = Re" 6, < 0 < 0, Mo |
=0 - /2 — Rt(—sing
ds = iRedo [ Roo v & o1 o€ de
3 2 M 7tl/2 —sin
ds| = Rd® 1 <9< = =51 Rel=sing) g o
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y=sin(x) and y=mx

m=2/n

Residue Integrals (4C)

|J1€R F(s)e“ds‘

13

<

IA

IA

Jo [E(s)|]e*]]ds|

2 M /2

Rt(—sing) d

7/2 —2Rtg
M , e " dy
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Convergence of the Laplace Transform

Laplace Transform

e f(t) continuous on [0, )

e f(f)=0 fort<O

e f(t) has exponential order a

e f'(t) piecewise continuous on [0, )

) F(s) converges absolutely

for Re(s) > a

o]

Inverse Laplace Transform

e f(t) continuous on [0, )
e f(t) has exponential order o on [0, «)
e () piecewise continuous on [0, )
e F(s) = L{f(t)} for Re(s)>a
M
° |F(s)] < — somep>0

ES
for all |s| sufficiently large

f ‘f(t)e—sf dt < o ® [(s) is analytic except for finitely
0 many polesatz,z, ...,z
converging for a given x
= F(s) = If(t)e_“dt = 1) = 55 [ F(s)emds = 3 Reslz,)
= [ f(0e™) e a
0
Residue Integrals (4C) 14 Young Won L



L'{1/s(s-a)}

1
F =
(s) s(s—a)
2
|F(s)| < o |s| = 2]d]
|s| = 2]d]

1o_ 1
s—a| ~ ld
1__1
Is| — 2|al
1| 1 1 2
Fls = = =
S o e 2l (2al)’
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sl=2lal  for a given x

X+ioo

1

fle) = 5 [ Fls)e* ds = kZi:lRes(zk)

X—ioo

o~
T

AB, DE 0<R(s)<x

le"*| < e =¢ forafixed t >0

‘.f;ng F(S)eStd5| > 0 R
[ Fls)e*ds| » 0 R
Res(0) = limseF(s) = lime—ts -1

s20 s=0 (s—a) a
etS eat

Res(a) = lim(s—a)e” F(s) = lim— =
s=a s»0 S a
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sl=2lal  for a given x

S _ X+i oo n
F(s) = o =1L *(cosh(at)) fle) = zim [ F(s)e" ds = kz Res(z,)
— X—io =1
|F(s)] = 2j < ||2|s|| : ) AB, DE = 0<%R(s)<x
E— R le"*| < e =c forafixed t >0
|s| = 2]d] s> > 4al’ UZD; F(S)e“ds| > 0 R
|a|2 < ﬁ UBE F(s)e“ds‘ > 0 R~
4
—|a|2 > —@ Res(a) = lim(s—a)e“F(s) = lim se” = e_at
- 4 s>0 520 (S+C1) 2
3 2 ts —at
|S|2_|a|2 > —|S| _ _ T ts _ se _ e
4 Res(~a) = lim(s+a)e"F(s) = lim s—a) >
5| 4/3
|F(S)| < = > D +at _ _—at
3/4|s[ s 51 2la fle) = £ 5 = cosh(at)

Young Won Lim
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L*{1/s(s* + a%)*}

1 Res(0) = lim se'*F(s)| = e’ -1
F(s) = —G ©) s->0{ () (0—ia)*(0+ia)*
s(sz+a2)2
Res(*ia) = lim %Ksiia)zetsF(s)}
1 l s=>*ia
(s'+a’) = s (s+d?) = 3 — im 4 e’ | _ lim -4 e’
s *d > st ds s(sxia)| ot dS | - aPs+21as
_ 1 1
| F(s)] s(s+d) = ﬁ ~ lim e"[t(s’—a’s+2ias’)—(3s°—a’+4ias)]
5 :+ia (s’—a’sx2ias’)
M .
|F(s)] < W for a suitably large |s| et (Fie*FiddF2id®) —(~3a*— d*— 40?)]
S _hm — . 3. 3_~. 3\
s>+ia (Fia’Fia’F2ia’)
F(S) _ 21 _ = 12 . _ ei””[lt(14a3)+(8612)] + lt3 +iat 14 tiat}
s(s+a’)”  s(s—ia)(s+ia) —(F4d°) 4a 2a
for a suitably large x
. 1 X st _ & — 1t +iat 1 +iat It —iat L —iat i
f(t) = z—mX_J;wF(s)e ds = I; Res(z,) f(t) v oL Rl e g t 3
1 a, .
=—1 - Etsmat — cosat
a
i Young Won Lim
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Inverse Laplace Transform

F(S) — P(S) _qs"+a, s+t _ a+a, s +-+a,;s"
Q(s) = b,s"+b, ;" 4+ +b, s" b, +b, s+ tbys"
. P(z)
o+ U ] < a4l 4la] = Reslay) = Imlz=n)op)
. P(z) P(z,)
Bus bo| o qp o [Pual _[Bo] — lim 0
bt S 2 T T e Q)= Qlz) |~ Q'(z)
b, B
> = ¢,
2
e"P(z,)
L2 R SR 1 Res(z,) = k
U2 T TS = o] Qe
5| = m| by b, 1] b, | for a suitably large x
B 2 ‘bm‘ |S‘ < 2 m 1 X+ioo . n
f(t) = e f F(s)e* ds = D Res(z,)
|s| > ﬂ|bm—1| m|bm—2| m‘b0| xX—iee k=1
200 2 b | 2|by|
Z t
/ _ _ e’ P(Zk)
|F(s)| < |C1|mc_2n for a suitably large |s| flt) = ;Res(zk) = 2 Q'(z)
S k Z,
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Infinitely Many Poles

Assume F(s) has

infinitely many poles to the left of the line Cauchy Residue Theorem
i Ri{sj=x,>0 n
{Zk}k_l { } 0 f(t) — LJ‘F F(S)eSt ds = Z RGS(Zk)
each pole has the condition 2mi k=1
|zl| < |zz| < - < |zk| < e 1 Xo*+1y, 1
— st st
230 as ko = 2m_xo_fiynF(s)e ds + —zméfF(s)e ds

Consider the contour
which encloses the first n poles

[, = C, U [x,—iy,, x,+iy,] If we can show

lim L,fF(s)e“ds =0

n->o ancn

X0+i}/n

|yn|-)oo

Xotiy,

then we have

Xo=1y,
1 Xo+ioo ) "
flt) = i f F(s)e*ds = Z Res(z,)
Xo—i k=1
X1y,
Residue Integrals (4C) 19 Young Won Lim
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L'{1/s(1 + e*)} (a=>0)

F(s) = = : =
(s) s(1+e”) G(s, )+sG'(s,) (1+e° “)+asneas
ts, ts
e e
s=0 e =—1= el V" T s e as as =(2n—1|mi
S = 2n—1 i n= 0’ +]" iz’ t(zna_l)m
“ Res(s,) = — €
o d (2n—1)m
G(s):1+e EG(S):GGGS (Zn_l)
G(Sn)zo G'(Sn):_a<0 R = —— €
z es ,,_Z_“OO 2n—1|mi
All are simple pole (2n_1 2n_1)
t i t i
_ l_gi e a —e a ]
s . 1 Pt 2i(2n—1|
Res(0) = limse” F(s) = lim — =
s=0 s=0 (]_+e ) 2
1 2<% 1 . |[2n—1
t) = ——% t
Res(s,) =lim (s—s,)e"" F(s) e 2 n,;(Zn—l)sm a |”
s=0
= lim (s—s,) Pls,) P(s)=e" .
o Q' (s) Q(s) = sG(s) Cauchy Residue Theorem

Young Won Lim
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L*{1/s(s* + a%)*}

1 Res(0) = lim se'*F(s)| = e’ -1
F(s) = —G ©) s->0{ () (0—ia)*(0+ia)*
s(sz+a2)2
Res(*ia) = lim %Ksiia)zetsF(s)}
1 l s=>*ia
(s'+a’) = s (s+d?) = 3 — im 4 e’ | _ lim -4 e’
s *d > st ds s(sxia)| ot dS | - aPs+21as
_ 1 1
| F(s)] s(s+d) = ﬁ ~ lim e"[t(s’—a’s+2ias’)—(3s°—a’+4ias)]
5 :+ia (s’—a’sx2ias’)
M .
|F(s)] < W for a suitably large |s| et (Fie*FiddF2id®) —(~3a*— d*— 40?)]
S _hm — . 3. 3_~. 3\
s>+ia (Fia’Fia’F2ia’)
F(S) _ 21 _ = 12 . _ ei””[lt(14a3)+(8612)] + lt3 +iat 14 tiat}
s(s+a’)”  s(s—ia)(s+ia) —(F4d°) 4a 2a
for a suitably large x
. 1 X st _ & — 1t +iat 1 +iat It —iat L —iat i
f(t) = z—mX_J;wF(s)e ds = I; Res(z,) f(t) v oL Rl e g t 3
1 a, .
=—1 - Etsmat — cosat
a
i Young Won Lim
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L*{1/s(1 + e*)}

(a>0)

points on the contour C_

s = Rneie _ 2nTCeie (Rn _ 2nn
a a
assume a=1
s = Re'’ = 2nme” R, = Znn)
s = +2nmi 0 = +m1/2
—2nmi s = —2nmi O = —mn/2
Residue Integrals (4C) 22 Young Won Lim



L'{1/s(1 + e*)} (a>0)

s-plane C -plane
0<x=<x, cos(2nm—e) +
R H(S) _ (1+ es) isin(2nm—e)

n

Xo
C, X+iy 1+e%e” cos(—2nm+e) +
isin(—2nm+e)
n-=> o _/
y>*2nm :
—2nmi
0<x=<x,
_ . _ x 1y
S = x+1ly C=1+ewe y=>+2nmt asn->
0<x<x, e l<e' <e™
. — |1+e°|>2
—2nn <y <+2nm — e’ =1
cos(2nm)—isin(2nm) = 1
=1

cos(2nm) +isin(2nm) =

Young Won Lim
4/23/14
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L'{1/s(1 + e*)} (a>0)

s-plane | C -plane
+2nmi
+2(n—1)mi
R cos(2nm—e) +
n H(S) _ (1 + es) isin(2nm—e¢)
¢
x<0 .
X+iy 1+e*e” cos(—2nm+e) +
‘= 2ncose isin(—2nm+e)
—2(n—1)n:i y =2nmsing
—2nmi |
. 0<x=<x,
S = x+1iy C =1+e"e” y > +2nm  asn- oo
x<0 — e <1 [1+e*|>
. —
y=+2nn e’ =1 e’ cos(2nmsin)
2 — e’"™ %% cos(2nmsing) >b>0
y=+2(n—1)xn e’ =1
i Young Won Lim
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L'{1/s(1 + e*)} (a>0)

X =2nmCoS

y =2nmnsing
S:x+iy Z;:1+exeiy
x<0 — e <1
sing =1 y=+2nmn e’ =+1
sing = (n_n1/4) y=+2nn—%ﬂ: — e = +i
sing = (n—n1/2) y=+2nn—mx e’ =—1
sincpz—("_nm) y:+2nn—%ﬂ: eV = —i
sing = (n;l) y=+2nn—2mn eV =+1
. Young Won Lim
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L'{1/s(1 + e*)} (a>0)

X = 2nmcos @

y =2nmsing O<X§X0
s = x+iy C=1+e'e” y=>+2nmw asn->
x<0 — e’ <1 |1+e°|>
_ e
¢ =+m/2 y=+2nmn e’ =+1 e’" ™% cos(2nmsing)
y=+(2n-1)n > eV =—i 2=l
(p:—g-ljlz y:+(2n—2)rc e’ =+1
e’ % cos(2nmsing)
m=2/n y:+2(n—1)ﬂ: = 2nmsing
o o (= 12 3 Tese |
= 2°° 3> 4> "’ 1000’
\/ +71/2
i Young Won Lim
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L*{1/s(s* + a°)*}

{Zk}(lfq iR{S}:XO >0

Fn = Cn U [XO_iyn’ X0+iyn]
B 1 X+io0 . ~ n
f(t) = zmx‘[wF e’ ds = 1<Z::1 Res(z,)
n x+iy,
— 1 st
;Res(zk) = Zﬂle,yF e’ ds + fF Je" ds

Another consequence is that if f(z) = ¥ ap, " is holomorphic in

o |z] = R and 0 < r < R then the coefficients a, satisfy Cauchy's
lim —f F(s)e*ds = 0 inequality!!]

n-»oo
|an| < 77" sup [f(2)].
n X+iy, n o
Y Res(z,) = 2m f F(s)eds = ) Res(z,)
k=1 x=iy, k=1

Residue Integrals (4C) 27 Young Won Lim
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