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Power and Taylor Series

Power series Taylor series

y _a) = f"(a) .

. cu(z-a) > L4 (z-a)

= ot er(z—a)+cylz—aft+ - = fla)+ f(a)z—a)+ LD (z-ap +

always converges if |z —a| <R

mm) can also be differentiated

fle)= 31 a5 _qy

only valid if the series converges
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Cauchy's Formula and Taylor Series

Cauchy's Formula Taylor series
- 45 flw E
2 () > Lz ay
n=0

if f'(z) exists
in the neighborhood of a point z=a

m) f(z) is infinitely differentiable
in that neighborhood

®) f(z)can be expanded i
in a Taylor series about a fr

that converges inside a disk
whose radius is equal to the L _
distance between a and (=) only valid if the series converges
the nearest of f(z)

n

za)

the region of convergence

frz) = g T g

2ni A (W Z>n+1
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Analyticity

f'lz) = ar — 1ij_f AF f(Z+AAZL_f(Z), AzZ=AX+iAy

dz rzs0 AZ Az

f(z) : analytic in a region ” f(z) : analytic at a point z =a ﬁ

f(z) has a (unique) derivative atevery  f(z) has a (unique) derivative

point of the region at every point of some
small circle about z =a

Regular point of f(2) a point at which f(z) is analytic
Singular point of f(2) a point at which f(z) is not analytic
Isolated singular point of f(2) a point at which f(z) is analytic

everywhere else inside some
small circle about the singular point
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Isolated Singularities

f(z) :singular at z=2z, f(z) is not analytic at z = z,
but every neighborhood of z = z,

contains points at which f(z) is analytic

z =2, :isolated singularity f(z) has neighborhood without
further singularities of f(2)

tan(z) z=2%+nn n==+1,+2,+3,--

2
risolated singularities

tan
+ nm

b
Z 2
:isﬁ@ngularities
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Infinitely Differentiable

f(z) = u(x,y) + iv(x,y) :analytic in a region R

‘ derivatives of all orders at points inside region :Lfth(g )ne;zxr:f)t;hood of a point a
'z, 'z, P20, f¥z2,), - m) [ (z) is infinitely differentiable
in that neighborhood
‘ Taylor series expansion ) f(z)can be expanded
about any point z, inside the region in a Taylor series about 2z,
that converges inside a disk
The power series converges whose radius is equal to the
inside the circle about 2, distance between 2, and
the nearest of f(z)
This circle extends to the nearest singular point
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Power Series

A power series in powers of (z—z) non-negative powers

Z an(z_zo)n = d, + al(z—zo) + az(z—zo)z + .
n=0

converges for |2 — 2z, < R

termwise differentiation _
the same radius of convergence R

termwise integration

A power series in powers of z = (z-0) non-negative powers
00 - _ 5
D, a,z = a, + ;2 + a,2° + -
n=0
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Cauchy's Integral Formula

f(z) :analytic on and inside simple close curve C

‘ fla) = 27”45 f thevaIlIJeof f(z).

ata point z=a inside C

f(z _ flz)dz
chsc - & <—d

z =a - pe”

. io dz — ipeiedﬁ
dz = ipe’'do P o
f 2n
Ccfc v ea - {f(z)zde = 2xni f(a)
d flw
d_zf<z 27::145 ]
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Taylor Series

A power series in powers of (z—z,) non-negative powers

Z an(z_zo)n = d, + Cll(Z—ZO) + az(z—zo)z + .-
n=0

Conversely, every analytic function f(z) can be represented by power series.

The Taylor series of a function f(2) non-negative powers

fl2) = X aylz 2o a, = = f"(z,)

converges for all z in the open disk with center z, and radius
generally equal to the distance from z, to the nearest singularity of f(z)
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Taylor Series Coefficients

A power series in powers of (z—z) non-negative powers

Z an(z_zo)n — dy + al(z—zo) + az(z—zo)z + .-
n=0

The Taylor series of a function f(z) non-negative powers

f(z) = Z a,(z - z,)" a = = F(z)
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Maclaurin Series Coefficients

A power series in powers of z = (z-0) non-negative powers
o0 n _ 2
Y a,z = a, + a,z + a,z’ + -
n=0
The Maclaurin series of a function f(2) non-negative powers
S 1
flz) = 2 a,7" a, = — f"(0)
n=0 n!

Complex Series (3A) 12 Young Won Lim

2/26/15



Laurent's Theorem

f(z) :analytic in the annular domain D analytic f(2)

between concentric circles C1 and C2
centered at z

‘ f(Z) = da, + Cll(Z—ZO) + az(z_zo)z P

+ by(z—20)" + by(z—2,)% + -

concentric circles,
annular domain

. convergent in the region D
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Laurent's Theorem - Region of Convergence

f(z) :analytic in the annular domain D 8

between concentric circles C1 and C2
centered at z

a, + a;(2—2,) + ay(z-2,)" + -

For this “a” series to converge, |Z—Z | < R
the ROC must be in the form 0

inside of C2 2

+ by(z—20)" + by(z—2,)% + - principal part

For this “b” series to converge, 1 <r outside of C
the ROC must be in the form zZ—2, !
C

1
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Expanding, Compressing the Region

. convergent also in the open annulus analytic (2)
expanding C_ and compressing C,

until the circles reach a singular point

the previous equation is valid for all z near z_
in some deleted neighborhood of z_
(punctured open disk)

the special case
z, Is the only singular point inside C,

the series is convergent
in a disk except its center R

analytic f(z)

a, + a,(z—2z,) + 02(2_20)2 oo

+ by(z—2,) " + by(z—2z,)* + -

principal part O0<l|z—2,<R
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Different Domains, Different Expansions

flz) = 2 a,(z—z,)" + Z b,(z—2z,)" in D12
flz) = 2 c,lz—zy)" + i d,(z—2z,)" InD,

flz) = i e,(z—2z,)" + i falz—20)" in D34

different Laurent expansions of a the
same function f(z) for different domains

f(z) = a, + a,(z—2,) + ay(z—z,] + -~

1

principal part + b (z2—2,)" + by(z—2z,) % + -
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Several Isolated Singularities

Taylor Series Laurent Series

A Laurent series converges between two concentric circles, if it converges at all.
Several isolated singularites B Several annular rings

m) Several different Laurent series for each rings
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Regions in Laurent Series and Taylor Series

The Laurent series of a functionf (z) analytic (z)
— < n ]- z b
fl2) = X alz-2) g =2 fz) Lo
converges in the region D between circles C_and C,
: - singular
centered at z where f(z) is analytic boints

analytic f(z) D

The Taylor series of a function f(z)

<
[

no singular points
allowed inside

flz) = X alz=z)  a, = L fz,)

singular

converges for all z in the open disk with center z, and radius points

generally equal to the distance from z, to the nearest singularity of f(z)
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Laurent Series in different forms

f(z) :analytic in the annular domain D analytic f(2)

between concentric circles C1 and C2
centered at z

‘ f(z) =a, + a,(z—z,) + a,(z—2,)° + -

convergent in the region D
+ by(z—2,)" + by(z2—2,)% + -

bn
(Z_Zo)n

flz) = Z a,(z-z,) + z

= ay + a,(z2—2,) + a(z—2,) + -

b, b,
+ + > ap oo
(2_20) (Z_Zo)

flz) = Y alz-z,)

n=—oo
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Coefficients a & bn

flz) = + az=2,)" + fla) =+ o *
flz) [ ], f(2) NN
(z—2,)"" (z—2,) (z—z,) ™ (z—2,)
f(z) _ a, f(z) - b,
S 9z =9 e L b
= 2mi-a, = 2ni-b,
a, = : 45 f(Z)n+1 dZ b = : 45 f(Z)_n+1 dz

b 271l (z—zo)
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Laurent's Series Coefficients

f(Z) = dy + al(Z—ZO) + 02(2—20)2 4 ..

b b
1 f(w)

a. = . dw

n 23_” f (W Z)n+1

_ n 1 _ 1 _ 1
b, = 2:1:1 gf fw)(w=2)""dw (Ww—2) w2 n=1, 2,3
flz) = X alz—z)
_ 1 f(w) _
a, = 5 g(]}i . z)"”dw k=-,-3,-2,-1,0,1,2,3,

Complex Series (3A) 21
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Laurent's Theorem and Coefficients

lC

‘f(Z) = dy t Cll(Z—ZO) + az(z—zo)z + .-

+ by(z2—2,) + by(z—2z,)7* + -

f(z) :analytic in the annular domain D

between concentric circles C1 and C2

‘

convergent in the domain D

centered at z, r<lz-zy|<R

_ 1 f(z)
an - 23_1:1 C(Z_Zo)n+1 dZ

any simple closed path Cin D

_ 1 f(z)
bn - 2 i C(Z_ZO)—n+1 dz

Flz) = 3 alz -z, a = ¢ T2az

= 2ni e (z—2z,) !

Complex Series (3A) 292 Young Won Lim
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Residue

f(z) :analytic in the annular domain D

N

between concentric circles C1 and C2

centered at z, r<lz-zy|<R

‘ flz) = X alz-2) a4 = 5§ f(z))mdz _ 1

n=—o

z, can be an isolated singularity

flz) = ...+1+--- a, = Res(f(z), z,)

(z - 2,)
: residue of the function f(z
- at the isolated singularity zO
1
Eﬁcf(Z)dZ = 2ni Res(f(z), z,) h a, = i 450 flz)dz
Complex Series (3A) 23 Young Won Lim



Cauchy-Goursat Theorem

triply connected domain p m simply connected region R'  contour C, C1, C2

C D c
ccfcf(Z) dz + §f(2) dz =
SBCIf(Z)dz - ¢
"$ flz)dz = 0 §rie)dz + §1lz)dz

Complex Series (3A) 24 Young Won Lim
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Residue Theorem

z_, z, @ Isolated singularities

Laurent series expansion around z,

f(z) = i a,(z—z,)" mm gﬁmf(z)dz = 2mi-a_,

n=—ow

Laurent series expansion around z,

flz) = 3 clz—2) w §_flz)dz = 2ni-c,

n=—w

$f(z)dz = § flz)dz + § f(z)dz = 2mi-a,+2xic,

C

$ f(z)dz = 2xi[Res(f(2), z,) + Res(f(z), z,)}

C

z_, z, :regular points

$ f(z)dz = if(z)dz = if(z)dz - 0

C

Complex Series (3A) 25 Young Won Lim
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Laurent Expansion Example (1)

.
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Laurent Expansion Example (2)

case 1l case 2 case 3 case 4
1 p 1 1 1
(o) (0] : o) o o) (o) (0] (0]
1 1
0<|z]< 1 2| > 1 E<1 O<lz-1|<1 z—-1|>1 | _1|<1
1 L 1 1 1 1
— 1-= 1—(z—-1 1-
1-2 . (z—1) Z-1)
_ 2 — l i — 2 — 1 1
= 1+z+27+--- - 1+Z+22+ = 1+(Z—1)+(Z—1) +- - 1+(Z_1)+(Z—1)2+
Complex Series (3A) 27 Young X e



Laurent Expansion Example (3)

casel case 2 1
JUCEL TOR . 12| < 1 Lemm T . 12| > 1 —<1
Pad ‘s“ 'o' \‘ |Z|
|‘1 h 1
O o] : O o
: “ : 1
“\ o" 1 “\ I" —1
e . e 1 _ Z T L’ 1 —_
Z
1
= 1+Z+Zz+"' = 1+E+?+...
1 1 1 1 1
Z = e = —— Z - - - - @@
f(z) z(z—-1) z(1-2) f(z) z(z—-1) 211
b4
:—l[1+z+zz+z3+---] S P S T I
o 2’ z 2 2
:_l_1+z+22+... :i+l+i+.
F4 2 22 2
A simple pole 2z =0 Not annular domain
Complex Series (3A) 28 Young Won Lim
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Laurent Expansion Example (4)

case 3 case 4

1
P . 0< z —-1]< 1 P z-1|>1 P <1
, o LN
@) ®) 1 Q 1o E 1
________ 1—(z-1) L (211)
1+(Z—1>+ (2_1)24.... 1+(Zi1)+(z_11)2+...
_ 1 _ 1 1 _ 1 _ 1
fBI=1 "D Ao VR A |
(z-1)
N T Ry 1P _ 1 1 1
_ W[l (z=1)+(z2—=1)* — -] - et e
_ 1 f— f— f— — 2 “ee - 1 — 1 1 — e
o ) R A G T (2=1P (z=1F  (z-1)"
A simple pole z =1 Not annular domain
Complex Series (3A) 29 Young Won Lim
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Laurent Expansion Example (5)

P 1<|z+2|<?2
flz) = . Sy * case 5
z(z—1) z z-1 4 JUETEEN \
: _2| N 1:::
z=-2 ot an isolated singular point \ 4 :
11 T
z-1  z+2-3 1 1
3(1 - <1
( Z2+2 i |z + 2|
-2 1
= 1 1+ 1 + 1 + 1 \ I -
3 (2+2)  (z+2f  (z+2)° |
11 _ -1 e .
z zZ+2 — 2 21_z+2 lz+ 2|< 2
2 , ‘
i =2 4 1
2 3 ' v Y
O P (z+2)  (z+2)°  (2+2) { ]
2 2 2° 2° 1 C oz + 2
. - . . 2 < 1
essential singularity e
i Young Won Lim
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Laurent Expansion Example (6)

..........
-

1 1 1 )
zZ = — = —= 1< Z_2<2 o case 6
f(z) z(z—1) z " 7291 | | JUETEEN . .
) .
. . . 4 ~
Z=+2 ot an isolated singular point \ 4
# < 1 S ’
11 1 2 — 2|
z-1  1+2-2 1
-2)[1
(z=2)|1+ z—2 Lemm .
1. 2
1 1 1 1 ¢ ¢
= — |1 — + - — g 0o '
z—2 (2-2)  (2=2) (2-2) AN
1 1 Lt
Z 2+Z_2 ( 2—2 4" Y
201+ = _ ; |
lz —2|< 2 f1 2 ,
1 2-2) (z-2P (z2-2) e ;
_ L[y (z=2) (zo2f (2=2P 2 2] :
2 2 2 2 =<1 1 J
2 . ":
essential singularity NS
i Young Won Lim
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Laurent Expansion Example (7)

"""""" 1<lz]<2
1 1 1
D — — case 7
flz) z(z—-1) z "z 1S T ..
1
)
I _ 1 O N e e
2_1 - 1 = E +;+?+?
z|l—— 1
z —<1
---- S 4
1
Y
1 (.1, 1
2(2_1) 282 T T
- - 12| < 2
L_l — i+i+i .
z—1 Z 2:2 23 24 | 10
essential singularity e
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Singular Point

Regular point of f(z)
Singular point of f(z)

Isolated Singular point of f(2)

Isolated Singularity of f(z) atz

0<lz-2z| <R

Complex Series (3A)

>

>

>

33

a point at which f(z) is analytic

a point at which f(z) is not analytic

3

a point at which
f(z) is analytic

everywhere else
inside some small circle
about the singular point

If z=z_has a neighborhood
without further singularities of f(z)

There exists some deleted
neighborhood or punctured open
disk of z_throughout which f(z) is

analytic

Young Won Lim
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Non-isolated Singularity

Cluster points: limit points of isolated
singularities. If they are all poles, despite
admitting Laurent series expansions on
each of them, no such expansion is
possible at its limit

Natural boundaries: non-isolated set
(e.g. a curve) which functions can not be
analytically continued around (or outside
them if they are closed curves in the
Riemann sphere).

Complex Series (3A)
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f(z) = tan(1/z)

simple poles 2 =

n

1
(/2 + nmn|

limz =0

n->0

Every punctured disk centered at O has
an infinite number of singularities. No
Laurent expansion

f(z) = Ln z
the branch point O
and the negative axis
Every neighborhood of zO contains at

least one singularity of f(z) other than
z0

Young Won Lim
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Isolated Singularity Classification (1)

When Laurent expansion is valid
for the punctured open disk | 0 <|z — 2,|<R

around z, :isolated singularity of f

‘ Depending on the number of terms of the principal part
An isolated singular point z, is called

A removable singularity no principal part
A simple pole one term in the principal part
| A pole of order n n terms in the principal part
An essential singularity infinite terms in the principal part

o0 o0

i a(z -2z, = Z Wz —20) "+ Z a,(z — z,)

n=-—o n=1 n=0

principal part

Complex Series (3A) 35 Young Won Lim



Isolated Singularity Classification (2)

When Laurent expansion is valid

for the punctured open disk

0<|z —2,|<R

around Z, :isolated singularity of f

be=0 f(z) = a, + a,(z—2,) + a,(z—z,) Z, removable singularity
flz) =a, + a(z—2z,) + a,(z-2,)° Z, simple pole
b
b,=a, + by &= one term
(Z_Zo)
flz) = a, + a(z—2z,) + a,(z—2,)° Z, pole of order n
@], b b
b,=a_, + + 4 —| 4= nterms
(2=2))| (2—2,) (2—2,)
flz) = a, + a(z—2z,) + a,(z—2,)° Z , essential singularity
b b b,
b,=a, + —@— + 2 5 - &= nfinite terms
(z=2))| (z2-2,) (z2-2,)
Complex Series (3A) 36 Young X e



Isolated Singularity Examples (1)

sin(z) = z—%+%+--- 2=0 regular point
sin(2) 2z _ - ,
o = 1 TR TR z=0 removable singularity
3
sin(z) _ 1z 22 z=0 simple pole
2* z 3! D!
sin(2) _ 1 1,2, z=0 pole of order 2
e 22 3! 5l B
22 2z’
e® = 1+z+2—!+§+-~ z=0 regular point
; 1.1 1
e = 1+ =+ + TR z=0 essential singularity

Complex Series (3A) 37 Young Won Lim



Isolated Singularity Examples (2)

-
-" S~

~
------

zl< 1

N|= N

[1+ z2+ 22+ 20+ -

_]_.|. Z+ 22+'”

]

i<1

z|> 1
2]

- -
- s

1 Not annular domain

0 <==/<R

~
------

Complex Series (3A)
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Singularities of Order n

Z, Azero of a function f f ranalyticat z =2,
JAN
—  flz)=0

z, Azero of order n of a function f f :analyticat 2z =z,
JAN

— f(Z(,):O, f|<zo):01 f”(zo>:O; Tty f(n)(zo>:O

z, Apole of order n of a function F(z)=g(z)/ f(z) f, g:analyticat z=2,
A {g&@#O
T fl2=0, fl(20)=0, f(20)=0, , f"(z,)=0

Complex Series (3A) 39 Young Won Lim
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Isolated Singularities

Z, Aisolated singularity of a function f

-z, Aremovable singularity of a function f

2 lim f(2) < o bounded on the punctured disk

222,

z, Apole of order n of a function f

{ 2 lim(z-z)"flz) <@ lim flz) =
z, Aessential singularity of a function f
lim
J 232, flz X has no limit when 22,
_lllmf():i X
Complex Series (3A) 40 Young Won Lim



Essential Singularity Examples

2 4
sz(z) =1- % + % + - z=0 aremovable singularity
fiz) f(z)=sin(z) analytic f(0)=0
e _ |1 N 1 1 1 N 1 N 0 e of ord
o |t T e Ty (m-1)1z z=0 a pole of order m
f(,f) f(z)=e* analytic f(0)=1%0
V4
z 1. 1 1
e’ 1+ —+ + + Zz=0 an essential singularities
z 212° 312°

Complex Series (3A) 41 Young Won Lim
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Essential Singularity and Cauchy Integral

f(z) :analytic on and inside simple close curve C

.mea) _ n!.¢ f(z) dz

an A (Z a)n+1

Z
e’ 2 i
€ dz =
chzm Z (m_1)|
1
f e‘dz = 2mi

1 sin(z)

5ide 50 dz = sin(0) = 0

k!.[ e’ dz = d-

— e’
dz"

23_51' C(Z—O)k+1 =0
Can't find analytic 1(z)

No Cauchy Integral Formula applicable
But a residue integral can be applied

Complex Series (3A)

42 Young Won Lim
2/26/15



Essential Singularity Examples

if z=0 is a pole z>0 = e
1
if z=0 is an essential singularity z50 = e?> 0w not always
:
z=re’’ 1.1 e
—=—e
Z T
T 1
O=—=" r-20 —=0
2 Z
1
e‘~>1

http//paulscottinfo.ipage.com/CA2/ca7.html
http://stat.math.uregina.ca/~kozdron/Teaching/Regina/312Fall12/Handouts/312_lecture_notes F12 Part2.pdf
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Essential Singularity Examples (2)

- 2 4
sz(z) :1—%+%+ sin(z)zz—%+§+
e _ 1,1 1 11
2™ 20 2™ 212 3™ (m-1)z
1
> 1 1 1 2 3
z = 1 — . z — Z_ Z_
e +Z+2'22+3!Z3+ e 1+z+2!+3'
. sin(2) .
— = R 0
fc sz(z)d _ 0 @am a,=0 es|— ) 2ni{Res(f(z), 0)]
e’ 2 T _ 1 e’ .
€ 4dr = a.= — e
¢ z m_1) (T 1= (=11 Res Zm,O) 2ni {Res(f(z), 0)}]
1 1
Joerdz =241 @m a1 _ gt 221 [Res(f (2), 0]

Complex Series (3A) 44 Young Won Lim
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