Laurent Series and

Zz-Transform Examples

case 5.A

N
o
=
~
=
N
w
o

Copyright (c) 2016 - 2017 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the
GNU Free Documentation License, Version 1.2 or any later version published by the Free Software

Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of
the license is included in the section entitled "GNU Free Documentation License".










‘?(z) Py < T2
?I%—Z“L NS 2 i
(7 0) LI (R | tzo) ] 1r1<
(n<0) 0 (n<0)
(n>0) 0 (n>0) 12177,
(n<°) (T -(2)" | <o)
("20) | (YT ("20) | P <lRlet,
(ngo) (z.)" (n<o)
N N
A\ /LN
N Y )
/ \ /)
/ . 4
-~ ~_|
‘FI P). ?! P:.
0.y 2 t 2
o + " S -‘;\M




/J_\I'H-l

|i‘$|*\(! 2.“4 !\

1T\
//-\\J N>20 /(},}
\/ \\ [R1< P
N
(MY, nso [0\
\—/ \ \ 1217 ¢
N
([T, n2o //}9 n %0
ngo L n<o f <Iel<?,




Xu-) Fl < Ta

4 Pirg s ot
N N\ 2 N P

(nzo) 0 (n>0) [21< P,

0
(P )™= (2" | n<0) (p 7= ()" | n0)

(7 T (e )™ [ (170) (7 - (e | (17 0) 12179,

0 (h < o) 0 (n < o)
() (nzo) | | ()7 (n>0) | PClRlet,
(P')M‘ (n<o) (r Y (ngo)
el N
/TN /TN
(( }}. AN
L\ \ \
b en ‘F| P:. \_/T? ?
C_L_) 0.5 Lo [ 2 DR
"Ipl —1‘;; Tlpl TL:




\
/

-
\
N

©

(
\

%

\./
—

\z/

)

R nxo [(/

n>0

N\ n<o \\_

ngo P <[eleh,

\SP)

Unit CGrele & Roc ==8»

< 2




(A—D A&n

g
/&

/_ ' n+t a+[

/ /> )a )™ -\ (12 0) 2:12 (_‘Pl) ‘(\F) (nz 0)

\ - 0 (n<0)|— 0 (n<0)
N_| .

( r>7Y 0 (=0 | O (n>0)
\ I_(%-)vm (_Y\<0) =2 (%,)ﬂﬂ‘(_‘r@;)‘w (Y\<0)

@ ‘

[ f} > G ) m | GBY ("=7)
N | (n<o) |52 ) (n<o)
\__

@ 1T\ : .
(@[T T [ o
S 0 (ngo) | = 0 (n<0)
Nl

® ;

( r>; 6 (1 O)|mzes) [ O oo
N Q-1 (nso) | (7 -(5)" | o)

@
£ } )] e [ GY (7°)
N 2™ (neo)| [P (£ (n<o)
A




Z-I
(B-1) FG) < An =—— Xn
N :
(7 )" ()" e > >a B)"™-' (nz0)
\ - 0 (n<0)
N | A
N
/ (N \a O (nz0)
(e Y- (7 )7 \ & ) [1-Gr (<o)
N
/-\ _\nH
/ f} }z (’5) ("20)
N | (n<o)
D
N 3
(P )™= ()7 [ N [ -2 (079)
\ 0 (n<0)
N | S
N
[ /> >2 0 (17 0)
(P‘T“'(P')M \ N Q™ -\ (n<o)
N
N
[y | 0 079
\ \// 20! (Y\so)
e




-N
(C-) F@) = | X (n €= X,
/‘
e 0 [ Na| O (n20)
el (e )= ()T \ ) | 2o <o)
N
@
P || (e =) (M e | 172 (170)
=2 O \ \J (0] (nso)
@ N
RN ) ( D ‘N (1>0)
ikl (p \,M \ N ] 2™ (ngo)
N
@ N
sl O, (D )| O (20
me (e )= () \ ) =@ <o)
A
. @ . H NE
Fees)| ()R [y e @ o)
e g \ U | o (<o)
@ ‘ N
e (P [ /T e | &)™ (n=0)
= (Pz_\““ \ \// | (n<o)
N







Z-I
(A-2) $(2) &= X e &

N

( D } (L) G 020 (20)] ()™ (m )" D },

\ - (1<0) (n<0) \ N

N /
N

[ r\)E lnz0) z20) 0 [ [ A

\ L/ (_y\<o) (y\<o) (Pz) —(R \ \j ]

4
N YN
(M >z (nzo) (nzo)|(r " ( /} >a,
\ (n<o) (n<o)| (p)™ N
A g A
N } o) (7o) (Y () D >,
\ (n<0) N<0)| ¢ \ N
Nl - A
RN
-/ f} } (n70) (nz0) |0 [ ™ \a
\ - ineo) tnee) | (a) () \ N )
4
RN RN
[ M > (170) (77 0) (Y ( D },
\ (n<o) (n<o)| (s N
A A




o
Iy

(B-2) F) =— X
@ T~ | =
[ D > PG 020 (noe) O (M)
\ (n<0) (<o) (A) = ()7 N\ N/
N .
@ n-t ] /-
[ m (nz0)nye) (P ) =) Ly s
A\ ) (n<0) (n<o)| O \ Y/
— N
@ P
a ) (nz0) (n>0) (7} ( /} >
% (n<o) (neo)| (A) S
N S
@ T\
[ f} }: T r0) (nxo) O [N },Z
- (n<0) <0)| ()= ()" \ N
\'/ Pz 0.5
@ - TN
[ m % (n70) ¢rzo)| (2= ()™ | [ /> >g
A\ (n<o0) (n<o) O \ S
P=0.5 1
@ T TN
[ M > ("7 0)(n=0)] (7 Y [ D \.
\ L/ (n<o)(n<o) ('f’z)“ﬂ \ \ /
A A

1= 0.5

P
r



-Nn
(C_L) (kn Ln O.n " Ln
® @ TN
(20| ()" (o) a > (o) O L >
(<o)l 0 \ <o) (2= ()7 \ N
P=0.5 F/ P= ) ~—
@ . /"\ @ ~ _
(20 0 L ey Na o) (=T };
<o) (B =)\ ) o) 0 \
P = 0.5 ~ P=)
® AN ® N
(n20)|(ry" LD } (n>0) () My s
(n<o)| (g )™ \ ~ (nso) (~) S ]
— — h g — A
® N
0 7o) (Y2 > (n>0) O [ (D
(.”éo) 0 \ N4 (_n<0) (,rz)n*‘_ (‘1’,)“' / /
PP P=0.5 ~
@ /-\ @ n+ ot
tnr0)|0 [ D }: e=o) ()= (™ (D)
(<o) | (a)=(2)" - (n<o) O e
Pr= ) \'/ P=0.5 \F/
© N ® VN
("7 ) (Y [ e (=) (2 Y ( <>’ )
(n<o) (2.)7 \ N ) o) () J
— .




-n
(C—3% (L.\ — Aq n" Ln
' ® T @ TN
(=0 0 //} S N A
(<o) (B =TT\ N T <o) (R0 N
p =05 \—/ Pz ) \'/
0 | ®)( )=
(20)| ()™= (p )" Ve Cnyo){r) —\p (I \a
(n<0)| O \ \> >§CD\O) 0 A\ >¢
. Pz )
N ® N
( r> \a (n>0) (7Y ( r> \.
\ N ) oy (B) \ )/
N -
- TN
[ D \a (n20) O [\
\ ) m<o) (e )t (e \ )
NS s —
LM }Fwo)( o= Ly e
1 N (n<o) O 1 N~ f
AN ® TN
[ /™ e (1=0) (7Y [ r> }
\ N ) <o) () S
N 0




(- N=0 N >0
4 In< 0 N<0
® T~ @ TN
(=) 0 /r; ) (o) O LD >
(<o) (=) = (R)7 A\ S (<o) (B)= ()7 \ S
P = 0.5 \-/ P=1 \'/
© ®
(120)| (p )" ()| D } G (e ) =R }
(n<0)| 0 N (h<c) 0 A
Bt 5
® N ® RN
(n20) (\Pl\,"" / f> \a (n>0) (P‘\M / 4 \a
(n<o) (p)™ \ ~ / (nso) (7)) \ N /
T~ & N
(n20) O — [ s n20) |0 ()
<o) (=2 ()" [\ ) o) a2y \ Y/
P=0.5 \'/ P ) \/
(O N ®
(=) ()= ()" | [ SRWED OGN >,
(n<o) 0 NS (n<0)| ¢ A\
‘2:0.5‘ P r/
® N ©®© N
(n=0) (. " ( \a (77 0)[(2 Y ( /} \a
(n<o) (7)™ \ ) o) (o) )/
— — N







N>0

<0

P=0.5, P=

P|=’ 3 'P4=2

G T

(Y GT




f1 m=10b1=1p2=2 X1 m=10 H1=1 p2=2

f2 m=10>1=1p2=2 X2 m=10p1=1p2=2

f3 m=10[b1=1p2=2 X3 m=10 i1=1 p2=2

X1 m=10 p[=0.5 p2=1

4

1 m=10 p||=0.5 p2=1

-100
-200
-300
-400
-500
60!

X2 m=10p}=0.5 p2=1

2 m=10 p||=0.5 p2=1

3 m=10 p||=0.5 p2=1 X3 m=10 p1=0.5 p2=1




&)™~ (z0)

0 (n<0) 2 =1 (N<0)
o) (nz0) i—2m (7o)
=)™ (<o) O (n<o)

)" ("=20) | (n>0)

| (n<o) 2 (ng0)
0 &)™ - ' -1 O
-E)™ o - © 1 -2
— I

\-q™  (170) O (nzo)

0 (ng0) L= ()™ (n<0)
@) (n70) (Ji)m_' (nz0)

Q™ — )\ (yxso) D (n < O)

| (N7 0) A (n=0)

\af 1§ 7
on-l (n<o) | Corne
C J 1 \__1\\\1}

O \__2“"' \ (Ji)ﬂ'ﬂ O
2“4_\ oO O ) (Ji)'“l
2n—l | I ) (Ji)““




plotseql(m, p1l, p2) : Laurent

[-m, +m]

% Laurent Series and sequences

function plotseql(m=1, p1=2, pZ2=2.1)

tln = -m: -1;

tip =01
tl = [tln, tlp];

fl = [zeros(1,m), ((1/p2).~(t1lp+1) - (1/pl). " (t1p+1))];

1 2 =[((1/p1)."(tIn+1) -(1/p2).~(t1n+1)), zerosA,m+1));

f3 .; [(1/p1).~(t1n+1), (_1/p2)."(t1p+1)];

andif
<o

f(pl <=L &&p2Z <=1 &&pl <p2)
tln = -m: O;

tlp=+1: m;
tl1 =[tln tlpl;

fl = [zeros(1,m+1), ((1/p2).”~(tlp-1) - (1/p1).~(t1lp-1))];

f3 = [(1/p1).”~(t1ln-1), (1/p2).”(t1p-1)];

endif

subplot(3, 1, 1);

tom(+l £1)-

Sttt 117,

grid on

%axis([0, m])
title(sprintf("f1 m=%d pl=%g p2=%g", m, pl, p2))

subplot(3, 1, 2);
stem(tl, f2);

gridon
Y%axis([0, m])

title(sprintf("f2 m=%d p1=%g p2=%g", m, pl, p2))

subplot(3, 1, 3);

cteam(+1l  £2)-
1,157

STCTiicT, 197,

grid on

Y%axis([0, mI)
title(sprintf("f3 m=%d pl=%g p2=%g", m, pl, p2))

endfunction




£  |Lourent

if (pl >=1 && p2 >=1 && pl < p2)

+1n A 1
LLrr=-=11l. -4,

tlp= 0: m;

tl = [tln, tlp];

fl = [zeros(1,m), ((1/p2).”(t1p+1) - (1/pl).~(t1p+1))];

VIR (LY (L™ (120)
(D) )y G
\/ e 0 (n<0)
(0]
f2 =[((1/pl).”(t1n+1) -(1/p2).”~(t1n+1)), zeros(1l,m+1)];
/R\ 0 0 (nz0)
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f3 =[(1/pl).~(tIn+1), (1/p2)."(t1p+1)];
~ I‘J_‘pgl « , N
(T / ) (120)
Ny ()" ()" |0<o)
endif
if (pl <=1&&pP2 <=1 &&pl <p2)
tln =-m: 0;
tlp=+1:m;
tl = {tln, tlp]

fl = [zeros(1,m+1), ((1/p2).” (t1lp-1) - (1/p1).7(tlp-1))];

(™Y Wt
(@) 1@ - F)" =) (o)
N ‘o 0 (n<0)
f2 =1((1/p1).”~(tIn-1) -(1/p2).~(tIn-1)), zeros(l,m)];
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plotseg2(m, p1, p2) : Z-trans

ooV Tranes | [-m, +m]
function plotseq2(m=1, pl=2, p2=2.1)

cla;

A
Il
A
I
A

~ ot
]

((p2)."(tln+1) -(pl).”(tln+1)), zeros(L,m+1)];
zeros(l,m), ((pl).”(tlp+1) - (p2).~(t1lp+1))];

— [p— p—

(p2).7(tln+1), (p1). " (t1p+1)];

=)

if(pl>=1&&p2>=1&&pl<p2)
tln =-m: O;

tlp=+1: m;
tl = [tln, tlp];

X1 = [((p2).”(t1ln-

Y')—rar
CT

na(]
osti,Mm
2).7(

NZ <
X3 =1[(p
ndi

=
‘III

subplot(3,-1, 1);
stem(tl, X1);

grid-on
%axis([0, m])

title(sprintf("X1 m=%d pl1=%g p2=%g", m, pl, p2))

subplot(3, 1, 2);

<tem(t1l - X2
</

SCCTTIVC4L, 7Y\

grid on

%axis([0, m])
title(sprintf("X2 m=%d pl=%g p2=%g", m, pl, p2))

subplot(3, 1, 3);
stem(tl, X3);

~ricl-An
yrid orl

%axis([0, m])

title(sprintf("X3 m=%d p1=%g p2=%g", m, p1, p2))

endfunction
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if(pl <=1&&p2<=1&&pl <p2)
tln = -m: -1;

tlp= 0:m;
tl = [tln, tl p];
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X2 = [((p2).~(tln+1) -(pl).~(t1n+1)), zeros(1,m+1)]
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N sl [(p2).~(t1n+1), (p1).~(t1p+1)]; (n<o)| 0
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tln = -m: O;

tilp=+1:m;
tl = [tln, tlp];

N\

()

[s]

(n>0)

0

L f an 0! — 'P. n -\
X2 = [zeros(l,m+¥f‘)((p1)."((tl)lo-l) - (p2). "~ (tlp-1))]; ()’1<0>
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