Laurent Series and z-Transform

- Geometric Series
~ Permutations B

20250405 Sat




Copyright (c) 2026 - 2016 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the
GNU Free Documentation License, Version 1.2 or any later version published by the Free Software

Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of

the license is included in the section entitled "GNU Free Documentation License".

—_—




a’ X R(n)

a” a’ ~ u(n) u(-n-1)
A
u(-n) u(n-1)
e N
(1) a” un a® un (2) 7 \ﬁ
(3) a" u-n)  a”utn) (4) I N
..
(5) anu(-n-l) a.nu(—n—l) (6)
: 7 N
(7) a’uin-l)  auin-1) (8)










a a a a
shr shl

@ -<lmmmmmnm @ @ mmmmmmn - @

a—h—l) a’ a—h—l) a"
shl shr

@-lmmmmnn @ e e

a{n+1 | an a{n+l | an
shl shr

@ -<lmmmmmnm @ @ mmmmmmn - @

a—(n+1) a’ a—(n+ 1) a’
shr shl

o-<lmmmmmm @ e e




a(n—l] an
shl

@] o

a—(n—l] a—n
shl

@] o

shr(b") = p" "

Q
Q

Q Qo Q
Q Q [

bn bn—l
(n+1) n
—(n+1) —n
n n
a a
a' a'
a(n+l) a(n+1)
a—(n+1] a—{n+1]




Range Shifting

shl
shl

shr
shr

shl(R(n)) = R(n+1)




shr(b")

b"  wmmd pt
shr(p") = p" "
bn bn—l B
g™ a" N
g a .
shr(R(n))

R(n) =) R(n—1)
shr(R(n)) = R(n—1)
R(n) R(n—1)
u(n) u(n—1) -




Exponent Shifting shi(b") = b
shr(b") = "'

\ 2° (n+)

Range Shifting

u(—n)

shift right shift left
n«<n+tl

= u(—(n+1))




a X R(n)
ar a™'| . || un u(-n-1)
a a"' u(n-1) u(-n)
art — uln) an* u(n)
) 5 EURY s SN (I )
ar! % u(-n-1) ar % u(-n-1)
a™ / u(-n) a™ '/ u(-n)
N« n+2or
nen-2
(1) a™un) a™'uin) (2" 1) a™ln a™uin) 2"
(3) a™'un) a™uen) (4 [3) a™n)  a™uen) 4"
5 a™n1) d"ien1) (6) (5") a™(-n-1)  a™n-1) (67)
7) @™y @) (@) 7matunn  dln1) (8"




” X R(n)
a"* a™'|| . u(n) u(-n-1)
ar- a™ u(-n) u(n-1)
T N
7 pa—

-n+l

(1) @™uin)  a™un) (29 1" a"un) a™lun) (2"
(3) a™utn)  a™uen) (@) 3") @ uen) @™ Uen) (4"
(5) @"U(-n-1) d'u(-n-1) (6 (5") @a™ln1) & un-1)(6")
(79 @™y a@tlin-1) (8 7a™un-1)  an-1) (8"




n

a R(n)
a™  a"™ u(n) u(-n-1)
u(-n) u(n-1)
-} N

(1) a™un) a™tuin) (2
3) a™utn)  a@™uen) (4
(5) a™n-1) d"U(n-1) (6)
(7 @™l atiin-) (8
] N




n

u(-n-1)

aﬂ-l

a-ﬂ‘l

u(n-1)

1 a"lin

a™um 2

n+l

(3") & un)  A@™un) (4"
(5") @"(n1) @ utn-1)(6")

(7 a™un-1)

A1) (8"

1

\\




(1) | @™ un) shl (b") a™un) | (1Y
(2) a-n u(n) shl(b") a'""u(n) (2')
(3)] a™ u(-n) shr(b") a""u-n)| (3"
(4] a™™ u(-n) shr(b") a™uen)| 4
(5)|a” u(-n-1 shi(b") a™n-1) (5
(€)@ u(n-1 shi (b") a’in 1) 6)
()| auin-1) shr(b") a™un-1)| (7
8| aumn-1) shr(b") alin-1] (8"
L |la” U(n)’ shr(b") a""u(n). (1)
(2) a"l‘l U(n) shr(b") a'n'"U(n) (2 )
(3)] a™ u(-n) shl(b") a™ u-n)f (3")
(4) @™ u(-n) shl(b") a"uen)| 4"
(5)|1a™ u(-n-1 shr(b") ana(_n_l) (5")
6)| @™ u(-n-1 shr(b") alin-1) (6")
(7) anu(n_l) Shl(bn) aﬂ*b(n_l) (7||)
(8) a"u(n-1) shi (b") a.n.l'J(n—l (8")




Unshifted Shifted Shifted
Sequence X | Sequence 1 x' Sequence 2 x"
(L] a™ vin shi(b") | @™u(n) [(1Y) | shr(") [ @™ u(n)|(m)
) a™ un shi(b") | & (n)’ (2') | shr(b")| @™ u(n)|(2")
(3)[a™ u(-n) shr(b") | a™'u(-n)|(3") | shi(p") |@™ u(-n)|(3")
(D a™ u-n) shr(B)| a™U-n)|(4) | su(p) | @™ u(-n) | (4")
(5){a™u(-n-1) shi(b") |@™U(-n-1)|(5") | shr(b)|a™dn-1)|(5™)
(6)] @"u(-n-1) shi(b") | &™0-n-1)]6") | shr(b”) @0 n-1)](6")
(7)|@"u(n-1) shr0)f @™o 1) [(7) | smen) | @™ | (7
@) aun-1) shr(b") @™tl(n-1)[(8") | shi(b")| @™ l(n1)|(8")

shl(b") 4w shr(b")

shr(b") 4w shl(b")

many possible permuations are possible

but consider these two




Unshifted _ Shifted

Sequence X s> Sequence 1 X'
T ——
/(1) a" un) \ shl (b") / a™umn) (1Y \
/ o / o
f 2)] a™ u(n) \ shl (b") aumn) [(2Y) \
\ |
3)[a™ un) shr (b") PRI (ED
()] a™ u(-n) shr(b") a™uen) | (4Y)
(5)[@a™u(-n-1) shl (b") a™n-1)[(5)
6) a™u(-n-1) shl (b") a-n-1)(6"
l
\ (7)a™u(n-1) / shr (b") a™ln-1) (7" l
\ -/ | |
\ @®a"unn| / shr(b') | @"(n-1)](8") /

. \_//

Inter-permutations over unshifted sequnce and shifted sequence

Int tati hifted

Intra-permutations over shifted sequence




Unshifted _ Shifted

Sequence x ———- Sequence 2 X"

P ——
N Yol N\
/(1) a" u(n) \ shr(b") / a™ u(n) (1--)\
/ \ f \
I 2)la™ u(n) \ shr(b") a™ uin)[(2") \
| | |
(3)] a™ u(-n) shl(b") a™ u-n) [(3")
(D) a™" u(-n) shl(b") au-n) [(47)
B)a™u(-n-1) shr(b") a"'d(_n_]_) (5")
(6) a.nu(-n-lj shr(b") a..nl]‘(—n—l) (6")
N]arun] ) shi (b") a™i )] 7"
\ -/ | l
\(8) a"un-1) / shil (b") { a’in-1) (8)!

Inter-permutations over unshifted sequnce and shifted sequence

Intra-permutations over unshifted sequence

Intra- tati hifted




(x') €uu=p (x")

(1)~(8") (1")~(8")

Exponent Conversion

shl(b") 4mep shr(b")

shr(b") sy shl(b")

(1') (n+1) (1") (n—1)
(2') -(n+1) (2") -(n—1)
(3") (n—1) (3") (n+1)
(5 (n+1) (5") (n—1)
(6') -(n+1) (6") -(n—1)
(7') (n—1) (7") (n+1)
(8")=(n—1) (8")=(n+1)

Identical Exponent Elements

[ 1

(1) ~— (1" (2)
R (7) (8',LK

(5') ~— (5") (6
(3')—A(3") (4'
(1) (n+1) « (1" (n=1)
(2') -(n+1) O\ /(2" -(n-1)
(3") (n—1) (3") (n+1)

7~ 1\




(1') (n+1) shl(n) (1'") (n—1) shr(n)
(7' (n=1)  shr(n) (7Y (n+1) shitn)

') -(n+1) shl(n) (2'") -(n—1) shr(n)

(2')
(8') -(n—1) shr(n) (8") -(n+1) shl(n)

(3 (n=1)—shr(n)—(3")y (n+1) shitm)

(4') -(n—1) shr(n) (4'") -(n+1) shl(n)
(6") -(n+1) shl(n) (6") -(n—1) shr(n)




(x') Cuu=p (x"')

(1')~(8") (1'')~(8")
(1) g™un <7 1) a"ln) artun) (21 Y a™un 2m
(7 @) L= TMaun) atiin-) gy 4—-dun-1) (8"
(3.) an-cu(_n) -W'(3”) a-'!‘!u(_n) -n-ﬂu(_n) (4.) “n=-{ (_

59 a™ueny T BN a1l @%iin 69 —a&™Uen1) (6"

— ldentical Exponent Elements

(1 (n+1) (1) (n-1)

(2') -(n+1) (2")-(n-1)

(4') -(n—1) —_ _—(4") -(n+1)

(5 (n+1) — Z5& ~ (5") (n-1)

(6") -(n+1) o (6) -(n—1)

(8') u(n-1) (8") u(n-1)




(x') Gum)p (x')

(1')~(8") (1')~(8")

(1" 1000 (2') 1001 (1) 1000 (2") 1001

/// \.\ /./ N |

3) 1010 (4" 1011 (3") 1010 (4") 1011

1 N I—// N

n-i u(-n =N+ _ N+ _ -N=1 _

(5') 1100 (6") 1101 (5") 1100 (6") 1101

| \\ P/ \\\

(7') 1110 (8') 1111 (7") 1110 (8") 1111
// ) /-/// T —
n-1 n_l =N+ : na#* B _f-1

Conversion between x' and x"

shl(b") 4mes) shr(b")

shr(b") sy shl(b")







T R (x) = ()
et I A (1)~(8) (1')~(8")
(1) | (2"
L @ @
2 @) @2 (29
@\ @ @@
6 (5"
/A
=7y (7




Tm EE (X) m—  (x")

SRt B A (1)~(8) (1')~(8")

(1) : (2")

1) an (1)

@ W@y @@y
I\ ”

L7y ) (77)




Shifting Shifted Sequence 1

n+l

-n-{

()| a™ uln) X a un)f (1" (2) 0.:" U(H)X a uln) (2"
N lauin-1) a™to-l ) ®)| & uln-1) atin-l (s
G)|a"utnniscAa e[ 5) (6)|duen-1) A & 1) (6
) am uen == a™uen) | (31 @ a™un) =2 a"u-n) | (4
b=a =a"

B Shifting Shifted Sequence 2

(1)| a® un) ~_ a™ un|am ) a™ un) ~ a™ uin)[(2")
(7) a"u(n-l)A a"‘h(n_l) (7'") (8) a'nu(n-l)A a’"[}(n_l) (8")
5){amun-1) atin-1)|G" 6)|a™un-1) a’l-n-1)|(6")
3) a" u(-n)Xa"*‘u(-m (3") (4)|a™ u(-n) Xa‘""m-m (4")

a




A Shifting Shifted Sequence 1 B Shifting Shifted Sequence 2
(1) Exponent Shifting (1) Exponent Shifting
(2) Range Shifting (2) Range Shifting

bn u(n) X bnﬂU(n) (192" (1)/(2) bn u(n) X bn-‘ u(n) (1'")/(2")
b u(n-1) B Ln-1)| 78 @) gruin-1) b un-1)| 78"

b"u(-n—l)-v bn.’lfl(—n'l) (5/(6")  (5)/(6) b"u(_n_]_)v b'"'u(_n_l) (5")/(6")

b u(-n) e " 'u(n) | G4 crm| B uen e g e

b=a/a” b=a/a"
(1) (1)
(2) (2)
bn & bn+ 1 bn & bn —1
n 2) h—1 LN (2) n+1
[ A— b dwmm) D
N (3) . . S (3) : \
R(n) 4w R(n—1) R(n) 4wy Rin—1)
Exponent Shifting Exponent Shifting
bn bsh(nl b" bsh(n] o
4" q™ shl(b") — q q" shr(b") —
a" a"" shr(d") & a™" shi(b")  —
a’ a "™ shl(b") a’ a "t shr(d)
a" a "V shr(b") a’ a "’ shl(b") -
Range Shifting Range Shifting
R(n) R(sh(n)) R(n) R(sh(n))
u(n) u(n—1) shr(R(n)) u(n) u(n—1) shr(R(n))




A Shifting Shifted Sequence 1

B Shifting Shifted Sequence 2

w@| B uln) ™| @y | b uin) ~_— b~ u(n) |1
@ g uln-1) > B (| e e | un-1) fE—— b" u(n-1)|7s")
G1E| pu n-1) [ <> 5‘{3( n- 1) (5H/6') (5)(6) | P ul n-1)? b u(-n-1)f56
Gra)| B u(-n) = oy | ey G | BT uln) e b u(-n) |5
b=a/a" b=a/a"
W aruin | a“un 1) @fatun | Lam umjan
\
) a™ un) k\ / a™"uin) |2 2)a™ un) ‘\ /ll a™ un)|(2")
\ 7/ \ /=
0 e \\W s ) i) \\ W /e
A\\V/4 N/ —
(4)| @™ u(-n) \ A a™uin) (4') (D a™ u(-n) \ /a'" u(-n) [(4")
G)lau-n-1n)Y \a"ﬁ( 1|(5") 5)|aru(-n-1)f Na tonn|G")
/]\ //\ ”
G)la u(-n-1) /// \\\ al-n-1)|(6") (6)] @u( n-l)/// \\\ a"(-n-1)|®")
/] \\ [\
Mlarvnnf [ \Ta™eo 0] darwen]] a7
[ /
@) a” (n—1)|’ \|a"U(n 1)1(8" B)|a un-1) Va™in-1)|8"




Shifting Shifted Sequence 1

n+l

(1) | @™ un) a (1 2)| a™ un a™tun| (2"
(7| @™ un-1) X a™lin-)| (7" (8) a'au(i-ﬂz a"tin-1)| (8"
B)a"u-nf——={a"ln-1|(5)  (6)|a"un1) ,——=1a"(n-1)| (6"
3| am uen e g uen) | (3 @) a uin) e g™ | @)
=a =a"
W[ a un aman |1 M| am un a™umn |
2)| a™ u(n) \\ / " uin)|(2') 2)[a™ un)] a2
(3)| a™ ul-n)] \ / a"u-n)|(3) (3)|a™ ul-n) \\ / a""u-n)|(3")
(4] a™ ut-n) \¥/ uem] @) @) @ utn) T\\_//71 a"bn)|4)
(5)]@&"u(-n-1) / \ a"t |59 (5)|@&"u(-n-1) // a™l(-n-1)[(5"
(6)] a@"u(-n-1) // \\ al-n-1)|(6") (6)| @"u(-n 1)L///—\\k|d"ff(—n 1)[(6")
M|a"un-1) | \a""u(n . ofarun // \\ a7
@) |a’un-1) a™ti e @) |a"un-1) \‘a'"U(n-l) (8")




Shifting Shifted Sequence 2

W] a" un) e @™ v 1) @) a™ v ket @™ un)| (2"
Nlaron e g™l 7 @@ un e a1 | (8
(5) a"u(-n-l)X a"lonn|GM e)|auen1) Xa'nﬁ'(-n-l) (6")
(3)] @™ u(-n) a™ u(-n)|(3") (4)|a™ u(-n) a™ u-n) | (4")
=a = a”
(1) a® u(n a™ v (@] a™ un a™ ]
)] a™ un) \\ // a™ uin)|(2") (2)] a™ uln) a™ umn (2"
(3)| @™ ut-n)| \ / a™ u(-n)|(3") (3)[a™ ul-n) \\ // a™ u(-n) [(3")
(4] a™" u(-n) \y/ auen |4 @)a™uen) \\‘\ ,'/ a™'un) [(47)
5)a"u(-n-1) //\\ atn-n|G") (5)|a"u(-n-1) \\/Xé/ a"tin|e
(6)] @"u(-n-1) // \\ al-n-1)|6") (6) a.nu(-n-l)L//—\\kta'“G‘(_n_l) (6")
(7)fau(n-1) / \ a™ln-n|7") (7)|a"u(n-1) // \\ a™lin) (7")
@) a"u(n-1) a6 @) a un-1) \ a i@




A Shifting Shifted Sequence 1 Unshifted -Shifted
Sequence x Sequence 1 X'

(1) (1Y) (2Y)
7 Y (7" Y (8
(5) 54 (6) (64
(3).&(3') (4) >< 4"
| 2" 1 n n+t 1 on#
Sny (W] a™un) a uln) [(1Y) 2 &)
2’" . / -n-l ’ 1 -n-1
_ |3 @lamuw \\\\ /// a™un]@) [ es 2
PL (3)|a" u(-n) a""u-n) (3" 05 | e
- TosE () \\\ / s | L
| . 2-n (4) a-n U('n) a.m'u(-n) (4I) 2 - 2-n4
L e 7 A 2 )
0.5¢" %?—n-'l) 5)|a"u(-n-1) %\ a'"d( n-1) (5') z on#
m AY 7 \ e';E u‘_n_lj
2N -n - -n-1 6' -n-1
i o/ [ \\ED [,
2 |20 (D|a"uin) a™un-1) (7 & |onm
& 1 (nD) // \\ =28& Jutn-)
osg |20 (8) a-nu(n_1)~ a.nﬂ(n 1) (8") 2 -
—-o.52 u(n-1) b=0.58 | (-1




Shifting Shifted Sequence 2

Unshifted

—)

Shifted

Sequence 2 X"

Sequence x
(1) (1) (2) 2"
(7) X (7") (8) (8")
(5) (5") (6) (6")
(3) (3") (4) (4")
2" n n-1 0 2%
A |l W@ v / a” U =2 | u(n)
2.0 -n N+ 1 2°-"
!_'M_% T @la™ uin \\ / /a_ Yu(n)|(2") 2
\\ // S
_ I 2’n ‘ 3)|la u(-n) \\ / Va u(-n) |(3") |-n.zg on
1-05€ u(-n) \ u(-n)
_L_ |20 (D@ uCn) aun) [(47) o
=28 |(y(-n) \ =22 u(=n)
e |2, O S [ |
2" 6 -n ' / \ \\ n+l 6"
2l u(-n-1) o)ja u(-n-l)//// \\\\ a’it-n-)|©) !35*_2 € i(nr’;l)
28 2" (7) a"u(n—l) a"'" 1 (7'") 22 N
1228 G(A=T) / \ u(n-1) 1-28 4T
ose (20 (8)|A"u(n-1) a8 osg (2"
~|-ost u(n-1) u : |-0.5% u(n-1)




Unshifted - Shifted
Sequence x' Sequence 2 X"

(1) S (1) (24 (2")
(7|) (7“) (8|, (8“)
(5') > (5") (6) ~— (6")

(3 (3") (4L (4

2'.” 1 + n-1 1 2' )
e |un) (1) a™u(n) \ / a umj1r) == | u(n)
os_ | 270 29 @™ um\ \ / Na™ @) . [2™
\\ // T
0§ ' n-i n+t O
e 2t (30 a” utn) \\ / @ u(-n)|(3") 2 __f one
u(-n) W aadui [V]E7)
2 - 4| =N+l 0=l (4 1 |) 0. P
—2_ 2. (A7) @ u(-n) a’ u(-n) 85 |2
— —*% Ju(-n)
Fy 206! (5|) aﬂ'tl( n-l) ana(_n_l) (5||) oS & 2"_'
 T-0.5€ u(-n-1) / \ \\ -0.5 U(-n-1)"
2’“" 1 ~n-1 -4l 1 -t
=_§€" u(-n-1) ol U(-n-l)//// \ \ e o !35; WZ n-
2 20-! (7|) aﬂ'h(n 1) / \ an+l 1) (7||) 2% 2"“
=2 Jutn-1) - 2R D
_&_ |2 (g atin) a1l osg_ [2-
-~ 1-052 | (1) (89 uinl) =058 | ;(1-1)
shl(b")| 4mssp shr(b") (1') (n+1) (1") (n-1)
shr (b") ¢y shl (") (3 thay NS 5
(4') <(n-1) ).( (4") -(n+1)

- n+1)

77 ( 7 (0+1)
7') (n-1) 7 (7") (n+1
(8" -(n-1) \ (8") -(n+1)




Inter-permutation (x) =msp (Xx')
A Shifting Shifted Sequence 1 (1)~(8) (1')~(8")
(1) (1) (2) (2')
" ons -n 2°n=
| o3 | Uln) =% |uln) = “2(n) Toase_| u(n)
.2§ 2n . § on- 0.52 2-n . 2 _ 2-n#
=22 u(n-1) =28 (1) =052 |, (h-1) "%t lu(n-1)
(5) (5" (6) (6")
2" N+ 2.0 2."-'
%‘ u(-n-1) %{r 3(—n-1) i%"L u(=n-1) |-_§g" u(-n-1)
| 2n 0§ n-t | 2-n i‘z‘ 2-n
1-osE [u(n) o T ) =28 () s (V10
(1) (19 (2) (2%
(7) >Z (7Y (8) >< (84
(5) <=— (59 (6) (6")
(3) 2 (3 (4)-2 (4

(1)] @” uln) a™tuin)| (1Y ) a™ un) aun)| (2"
@t un-1) a7 @@ 2700 8

(5)|a"u(-n-1) a™tn| () (6)|a u(-n-1) a"ln-1)| (6
(3)] @ ul-n) a™un|3) @a”uen) S g™ |49




Inter-permutation

(x)

e

(x"')

B Shifting Shifted Sequence 2 (1)~(8) (1")~(8")
(1) (1") (2) (2")
| 2" 0.5 20-| | -N 1 2-04!
B Y 3 u(n) T-2g luln) —osg | W) 1 u(n)
(7) N: (8) ")
22 on 22 ons o5z | " 052 2-"!
2@, (n-1) =& e o Tu(n-1) oSt u(n-1)
(5) (5") (6) (6")
20 n-t -n 2-00:
% u(-n-1) % j(-n-l) |%2 l?.('n'-l) H%u(—n—l—L' =
(3) M: 4 J
e ol i ol L_ |20 os_ |2
- at-n) FesE Tu(n) 28 |u(n) 2 Tuen)
(1) *) (2) 2
12 (7 B8
(53) ~<— (5") (6) ~— (6")
(3)A ") (4)A(4")
(L)| @™ uln) a™ un)f @) 2)l a™ uln) a™ umn) | 2"
(M auin-1) a7 @) aun a8
(5)|@"u(-n-1) a"licn-y)| 5" ®)a"un-1) = Uln-1)| (6)
(3)[a" utn a™un) |3 @fa"uen) E= g™ ) [(47)




Decomposing Shift Operations

(_.exponent shift, identity )

' ) | ( identity, (range shift))

x (‘'exponent shift,(range s@f?}

= ( exponent shift, identity )

+ ( identity, (range shifp)

N X
= =




A Shifting Shifted Sequence 1 ITting Shifted Sequence 2

(2) Range Shifting (2) Range Shifting

(SR, _id) + (_id, SR) = (SR, SR) (SR, _id) + (_id, SL) = (SR, SL)

’ ’ - ’ ’ » - ’




Shifting Shifted Sequence 1
(1) Exponent Shifting

. (2) Range Shifting

(SR, id) or (SL, id)
(id, SR) or (id, SL)

Exponent Shifts : (SR, id) or (SL, id)

1)) a” = at |1 @2)]a” (@)
(7| a” e g™ (7)) (8| & ool g™ (8"
(5) an nfLrH-l: an-l'l (5|) (6) a-n nan_'_l' 0 (6,)
3| a" et gt 3)  @)|a" ol g™ (4")
Range Shifts : (id, SR) or (id, SL)
(1) u(n) u(n)f (1Y) (2) u(n) u(n) | (2"
"SR SR | "SR SR
(7)]  u(n-1) u(n-1)| (7 (8) u(n-1) u(n-1)| (8")
nenl nen-l nen-l ne<n-1
(5) u(-n-1) u(-n-1)| (3") 6)| u(-n-1) u(-n-1)] (6")
SR SR -SR— SR
(3) u(-n) u(-n) | (3") (4) u(-n) u(-n) [(4')
nen-l ne«n-1 ne<n-l nen-1
Exponent & Range Permutations
(1)| a™ uln) }Z/ a™'uin| (1" (2) a U(n)hvj a " un) | (2"
Nl arun1) a7 8 D= a1 | (8Y)
(5)|@"u(-n ivia"*d( ) (57 6)a u( n-1) (-n- 1) (6')
3)a" n)F@ “uen |3 4a a™uen) | (4)
Decomposition
(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations

RP : Range Permutations




(2) Range Shifting

Shifting Shifted Sequence 2
(1) Exponent Shifting, Flipping (SR, id) or (SL, id)

(id, SR) or (id, SL)

Exponent Shifts : (SR, id) or (SL, id)

Mla" el a™ | @)]a” rla™ @)
N an n;—ln+1: an-ﬂ (7") (8) a’" n;Ln+1 a—n-l (8")
5)|a" = a™ |6 (e|a” Sl g™ |
n nen+l n+l . -N ne<n+l -n-|l 1
(3)| a —= a (31 4)]a = a (4")
Range Shifts : (id, SR) or (id, SL)
(1) u(n) u(n)] (1) (2) u(n) u(n) | (2")
SR SR 0 SR—SR|
(7) U(n-l) u(n_l) (7 ) (8) U(n'l) u(n_l) (8”)
nenl nen-l nenl nen-l
(3)  u(-n-1) u(-n-1)[ (5") (6)[ u(-n-1) u(-n-1)| (6")
—SR— SR SL——5R
(3) u(-n) u-n) [ (3")  (4) u(-n) u(-n) [(4")
nenl nen-l nenl nen-l
Exponent & Range Permutations
(1) a" u(n) an-l u(n) (1“) (2) a-n U(ﬂ)hv‘ a-n-u u(n) (2“)
Matun == g™ |7 @) a un )N a1 (87
(5){a"u(-n-1) a"l-n-1)| (5" (6)|a™u(-n-1) a-n-1)| (6")
(3)| a™ u(-n) a™ u-n)| (3" (4)[a™ u(-n) auen) [ (4"
Decomposition

(EP, RP) = (EP, id) + (id, RP)

EP : Exponent Permuations

RP : Range Permutations




Shifting Shifted Sequence 1
(1) Exponent Shifting

. (2) Range Shifting

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

W] a" v = a™un|1) @) a" un) o a™"un)| (2"
(7) a"u(n-l)FQ* a™lin-1 (7) (8) a:"u(n-l)FA' a"tn-1)] (8"
(5)[@™u(-n-1) a™l-n-1)| (5" (6)|@"u(-n-1) == &"0(-n-1)] (6")
(3)| a” utn) a"'un| 3 @]a uen) e g™ |49
X (1) X' Exponent Range
< a — S|
~ | G e SR SR
= | SR
y (2) Y, nenl nen-l
B/ Shifting Shifted Sequence 2 (SR, id) + (id, SL) = (SR, SL)
14 I I 14 = 14
(2) Range Shifting
(L] a™ utn a”un (1) @)[a™ un| a™un)| (2
(7] a™un-1) a™on|(7 @] aun- a’lin-1)| (8")
5)au(-n-1) a"linn|6")  (®)|auen-1) an-1)| (6")
(3)] a” ui-n) a™un) | (3") (D)a™" u(-n) a™uen)| (4"
X (1) X" Exponent Range
Q 2
of e o o "
v » oL =het
Y (2) Y“ n<n-1 n




Shifting Shifted Sequence 1
(1) Exponent Shifting

~(2) Range Shifting

(SR, id) + (id, SR) = (SR, SR)
(SL, id) + (id, SL) = (SL, SL)

(L) a™ uln) ~—— a™un)| (1Y) 2) | a™ uln) fae——r atumn) |2
(Nl a™un-1) =~ a™on-1(7) (8) a'nu(n—l).A a1l (8
B)|a"u-n-1)<—=1a"l(-n-1)| 5") (6)|a"u(-n-1) X a"i(-n-1)| (6
3)| ar uen) == a"u-n) | (3" (4)[a™ u(-n) a"un) | (4
X (1) Exponent Range
_(3# o ——e——i
~N (3) 1 SR SR
N2 N —Ts SR )
Y (2) Y' nenl nen-l
/
W i SR)? - (SR, id) shift right exponent
V//// N ! (id, SR) shift right range
o (SR, SR)
(SL, id)
B 0 > ’ / (SL, id) shift left exponent
k ) d VW (id, SL) shift left range

(SL, SL)

(SR, id) + (id, SR) = (SR, SR)

(SL, id) + (id, SL) = (SL, SL)




B Shifting Shifted Sequence 2 ] ]
(1) Exponent Shifting - (SR, id) + (id, SL) = (SR, SL)
(2) Range Shifting (SL, id) + (id, SR) = (SL, SR)

n-1l =N+l

(1)] @™ u(n) X a un) (@1 (2) a:" u(n) ,re—— a un)| (2"
(7)]a™u(n-1) a7 @) | a"uin-1) e a1 | 8

(5@ u(-n-1) <=1a"l(-n-1)|(5") (6)|a"u(-n-1) X alin-1) (6"
(3)] a” U('n)Aa"“u(-n) (3") (D |a™ ul-n) auin) (4"
X (1) X" Exponent Range
Q - <R
(E)‘¢ TS \(3) nenty SR SR
Y (2) ;" nenl nen-l

Wr—f (SL, id) shift right exponent
/L (id, SR) <

(/ /% \ | ! (id, SR) shift right range
(SL, id) (SL, SR)
(SR, id)
/A < /// (SR, id) shift left exponent
fidrst < L /L,/n (id, SL) shift left range
d '
(SR, SL)

(SL, i_d) + (i_d, SR) = (SL, SR)







A Shifting Shifted Sequence 1

Butterfly Relations |, ., ifted Shifted
Sequence x Sequence 1 X'
X (1) X' Exponent Range
— S|
(3) (3) et SR SR
Ln-l) SR ¥ L
Y (2) Yl nen-l nen-1
(*) unit
qfarfing

C.R.
starting

(*) C.R. (*) C.R.
starting starting
(51 *a<—‘§l m {5,1 (6} /a « (S| Igi
l7=41f' 1\ /Z=41n- 1\
(oL, SL) ! ~\OL, 5L)
L 2 ¢
unit *2 = (SR, SR) unit *Z = (SR, SR)
starting starting

(SR, id) a4—(SR,id)




_ A Shifting Shifted Sequence 1
Butterfly Relations . ifted ) Shifted
Sequence x Sequence 1 X'
X (1) X' ~ Exponent @ Range
(3) (3) nen+l SL f
nenl 1SR SR
Y (2) Yl nenl nen-l1
: ] : (SR, 1d) (SL, id) [§| ,] (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
(SL, id) (SR, id) (SL, id) (SR, id) SR
(SR, id) (SL, id) (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬁf@‘(ﬁﬁwﬁﬁ@ﬁﬁm
(SL,id) (SR, id) (SL,id) (SR,id)




. A Shifti i
Decomposition of ifting Shifted Sequence 1

Exp and Rhg Shifts (1) geonaced mmmp onired el x

(id, SR) + (SR, id) = (SR, SR)

Exponent Range

— S|

N—<«—pn-+1
7 ATt

|
SR SR
n < n-1

SR y

nenl nen-l1

(id, SR) 4 (id, SR) Q
| *z= (SR, SR) \ *z= (SR, SR)

/a = (SR, id) *a = (SR, i




Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (2) Unshifted Shifted

Sequence x Sequence 1 X'

(id, SL) + (SL, id) = (SL, SL)

Exponent Range

e— S |

n-—-n+1
A At

SR SR

n < n-1
= . 2

nenl nen-l1

/a «(SL, id)

(5) *a<—(SL.id)i (5.} /a « (SL, id)

[z = ASL, SL) /z <= ASL, SL)
(id, SL) (id, SL)

o d

y 4

:
%
:
=




Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (3) Unshifted Shifted

Sequence x Sequence 1 X'

(SR, id) + (id, SR) + (SR, id) = (SR2, SR)

X (1) ' Exponent Range
A+ SL i
(3) (3) neni 1SR SR
2 SR
Y (2) Yl ne<n-l ne«<n-l

(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬂﬁﬁ‘fﬁmﬁﬁfﬁ%
(CD HP= AY (CD HPRAY SR
(oK, 1a) (oK, 1a)
(SR, id) (SR, id)










Intra-Permuations over (1) ~ (8)

Unshifted . Unshifted

Sequence X i) Sequence x
N N
Jwfaun] ) Jwla ]
/ \ / o
| @|a"un]| | [ @amun] |

\ 1
(3)|a™ u(-n) \ (3)|a"™ ut-n
1
(D a™" u(-n) (4)] @™ u(-n)
5)|la"u(-n-1) 5)|la"u(-n-1)
6)| a™u(-n-1) 6)| @™ u(-n-1)
\ l \ I
\ @a"uny] \ N]a"uen]
\ / \ /
\(8) a’un-1) / \(8) a’un-1) /

Inter-permutations over unshifted sequnce and shifted sequence

Intra-permutations over unshifted sequence

————Intra-permutations over shifted sequence




Intra-Permuations over (1') ~ (8')

Shifted : Shifted

Sequence 1 x' i) Sequence 1 X'

T e T ——
Yol N\ ~ N\
/ a™un) (1Y) \ / a™umn) (1Y \
( \ [ \
a™tun|@) | a™un]2) |
\ \
a""'u-n)|(3") a"un)|(3)
-n-nu( ) (4") a-n-nu( ) (4"
a"i(-n-1)|(5") a™ln1)|G")
a’l(-n-1)|(6") ai-n-1)|(6")
a™ln-1|(7) a7 |
[ | | I
aliin-1|®) / [ |a™nD]e) )

Inter-permutations over unshifted sequnce and shifted sequence

Intra-permutations over unshifted sequence

Intra-permutations over -shifted seguence

r’\—l IMfTfATULNIVIIYD VYWl JitTiTswsw ﬂ\_““\—ll\-\—




Intra-Permuations over (1') ~ (8')

Shifted

Shifted :
Sequence 1 x'' =) Sequence 1 x"

N N\

[/ [a™ uofan\ ' rsuieny

{ a™ un)|(2Y) \\ { a™ uin) (2")\\
a™ u-n) |3 | a™ )] |
au(-n) | (4") auin) [(4)
a"u(-n-1)|") a"un-1)|"
a’ll-n-1)|(6") ahon-1)|(6")
&) 7 | a7

{I a’in-1) (8"y] {I ain-1)|(8")

N~ ~_




Shifted

Shifted

Sequence 1 X’

Sequence 2 X'’

(1) | @a™un) \ / a™ un| 1 u(n-1) --> u(n)
2 1 a™ " un) \\\ /// a™unf @2m u(n-1) --> u(n)
3) [a™ N\ / /& uen | 3 u(-n-1) -> u(-n)
(4') “™U(-n) a'ui-n) | (4 u(-n-1) -> u(-n)
(5 |a™l(n 1)47\\ a"u-n-1)| (5") u(-n) --> u(-n-1)
(6") a"'[}(-n-l)//// \\\ atnn| (6") u(-n) --> u(-n-1)
(7') 1a™ln-1) / \ amh(n-l) (7') u(n) --> u(n-1)
8) |a™tn-1) a1 (8" u(n) --> u(n-1)







permutation over (1) ~ (8) (X) =m—p ()

A. Flipping (1) - (4) (5) - (8)
Base Inverting —— 2)-63)——A6)-(7)
Range Flipping (3) - (2) (7) - (6)
(4)-(1) (8) - (5)
. B. Range Shifting (1) -(7) (5) - (3)
Range Flipping (2) - (8) (6) - (4)
Range Complementing (3) - (5) (7) - (1)
(4)-(6) (8)-(2)
Base Inverting (6) : (1) (6) : (1)
Range Complementing (2) - (5) (7) - (4)
(5) -(2) (8) -(3)
permutation over (1') ~ (8') (X') mmmmdp (Xx')
D. Flipping?2 (1') - (4') (5') - (8')
Shifted Range Flipping (3)-(2)  (77-(6)

\F ) =\ \0 ) =-1(2J)
Hfﬂffﬁgz—tf)fﬁ*)—ﬁr)—(}r)i
Shifted Range Flipping (2") - (8" 6') - (4
Range Complementing 54312 5 2 7 - (1

(4% -(6') 8 2

F. Complementary Inverting (1"

= N

—_ ~ A~~~
~— N N N N

1 1 1 1
—_ —~ —~
~ N N = N

(
Base Inverting - (

Shifted Range Flipping = Exponent Shifting2 + Range Flippping

Exponent Shifting2 + Range Flippping+ Range Complementing

Exponent Shifting2 + Range (Flippping+Complementing)
- - g

Exponent Shfiting2 + Range Shifting




permutation over (1'') ~ (8") (X'') mmmmp (X'')

- (8II)
(71
6

(5")
(6")
7

(3"
2

(1") - (4")

(2")
3

Base Inverting

D. Flipping2

E. Shifting2

_ (5||)
(6'")

(3")
(4™

\ =T

_ (1||)
(2”\

(7")
(8”\

™

Shifted Range Flipping
Range Complementing

\V

- (1)

(6")

Base Inverting

Range Complementing




Permutation over (1) ~ (38)

Permutations A B C
Base Inverting X X
. Range Flipping X X

Permutation over (1') ~ (8')

Permutations D E F
Base Inverting X X
X X

Shifted Range Flipping

Range Complementing X X

Shifted Range Flipping = Exponent Shifting2 + Range Flippping

Shifting2 = Shifted Range Flipping + Range Complementing

= Exponent Shifting2 + Range Flippping+ Range Complementing
—E t Shiftina2 + R (Fli - C | ting])

= Exponent Shfiting2 + Range Shifting




Over (1) ~ (8)

- —nN
Base Inverting a’ ) g

| RangeFlipping  R(n) 4sss) R(—n)

Over (1') ~ (8')

| Base Inverting a G g

n —n

Shifted R Eli . nR[' ) ~ sh}Ian[ }




A.l Flipping

Base Inverting

ID.I Flipping2
ase Inverting

— 1 Range Flipping
n ﬁ a—n n h a—n
R(n) 4wssp R(—n) a"R(n) ey """ R(—n) |
a .n. a_ — nR( ) h —shZﬂan(‘_ }
B.I Range Shifting E.l Shifting2 ’
Range Flipping Shifted Range Flipping
Range Complementing Range Complementing |
R(n) 4= R(—n) a”R(n) @) q"""R(—n)
R(n) ¢w=d R(n) R(n) 4mesy R(n)

| =

C.l Complementary Inverting

Base Inverting

“IA

an } ~ sh2{n|Rf } |

——Range Complementing
an ﬁ a—n
R(n) 4w R




G.l Flipping2

Base Inverting

” a
anR( ) ” asn_,an(_n)
” a—sh_.an(_n)l

H.l Shifting2
Shifted Range Flipping

Range Complementing

anR(‘n) ﬁ ashZian(‘_n)
R(N) ¢ R(n)

{ 2n
\!

'JU

u

~ shZianE_ } ]

. Complementary Inverting

Bbase InverEmg

Range Complementing |

aﬂ h a 1t

R(n) 4===p R(n)

a"R(n) 4= q "R(n)




A.l Flipping

D.I Flipping2

verti i
ippi Shifted Range Flippin
(1)| a® uln) X a™ un @) (1| @™ ~_ a™uin)| 2"
3)la™ u(-n) a™"ui-n)|(4) (3") a""u(—n)A a™uen) | @
(5)|@"u(-n-1) <A a’u(-n-1)| (6) (5) a"*d(-n-l)v a"l(-n-1)| (6")
M| arun-1) == a"un-1)|(8) (7| a™hin) = a™ 1) | (8

Range Shifting

E.l Shifting2

iTte

ange

ipping

| RangeComplementing =~ Range Complementing

A+l

W) a™ uin) a™ un |2 (19| a™un) ] a™uin |29
3 fa” vl [Ha"uen | @) ) a™uenHl IH a™uen | @)
G)arunnH]|  [H&uen-n[6) G @iy | [HE )| 69
Dlaun-1) a"un-1)|(8) (7 a™un-1) a1 (8
C

Range Complementing

.] Complementary Inverting 'F.l Complementary Invertingi

Range Complementing

W[a" v k—Aa" vn]@ @) a"un ¢ a "t un| @
3)| a”™ u(-n) \\ // a™"u-n)|(4) 39| a™"ut-n) a™uen)| 4
(5)|a™u(-n-1) /j é\ a’u(-n-1)| (6) (59 a™i-n-1) // Y} &"U(n-1)] (6
|aruin-1) \|[a"un-1)[(8) (7 [a™bin-1) [/ Na™iin-1)| (8




shl(b") 4mes) shr(b") a""! gy a""
shr(b") ¢ms) shl(b") a ™! ¢y g "
D.l Flipping2 G.l Flipping2
Shifted Range Flipping Shifted Range Flipping
(1|) aﬁ'u(n) Z a-ﬂ-lu(n) (2|) (1||) aﬂ"U(n) X a-ﬂ'l'i U(n) (2||)
(3| a""ut-n) a™ucn| @) Ga™ uen) a™u-n)| (4"

-n-'

(5') a’"d(-n-l)z a"i(n-1)| (69 5")a"en-1) <A Al (6"
(7 a™ln-1) alin-nl@) 7 a™n) = gt | 8

E.l Shifting?2 H.l Shifting2
ifte ange Flipping ifte ange Flipping
(1') arun) M aun) |2 (1 a"tun) . a™ umn|@m
3| a™uemH]l TH a™uen| @y eola™ vl I Ha™uen) | @)
(5]a™(-n-1)F a6 B a"ien1)H J a1 (6"
n-t \ L N+l n+l \ / -n-\
Na uin-1) a lun-1)| @Y (7" @™ |4 g (8")

LI Complementary Inverting i

S ase INnvertino

Range Complementing

S AaSe INnvertinao

Range Complementing

ay[ a™uin) < a~unley  afgmum a™ um]en

— N\ /
(3] a  ul-n) a™uen)| 4Y 3 a™ u-n)] au-n) (4"
(5 |a™(-n-1) // \ aun-nl 6 G a1 atl-n-1)[(6")

M@ b [/ Na"liny| @) Ta™ ) e N[ @1 |8




D.l Flipping2
Base Inverting
Shifted Range Flipping

G.l Flipping2
Base Inverting
Shifted Range Flipping

=N+l

(1|) aﬁ*'u(n) v a.n-‘u(ﬂ) (2') (1”) an-!u(n) X u(n) (2”)
G| a™uen k22X g™ | 4 3] a™ utn) au-n)| @
(5') an+l;('ﬂ-1)Xa'nJ(_n_l) (6') (5”) ana(_n_l)vamal(_n_l) (6”)
(7] a™tin-1) ain-nl@ey)y 7a™lin) e a1 [ (8"
E.l Shifting2 H.l Shifting2
ifted Range Flipping C
i Range Complementing
(1') aru(n) ~— a"u-n) | (31 (1) a"tuln) a™ u-n)[(3")
5)|a"n e a™ i1 (7Y 5")|a"ten-1) a7
2" |a™" uln) a™uen) | 4Y ") '“*‘u(n)v a"len) |4
(6') d"U(-n-l)Za'"U(n-l) gy ") | atn)le] a0 |8
F.I Complementary Inverting 1.1 Complementary Inverting
Base Inverting Base Inverting

(1') aﬁﬂ (ﬂ) v a'""u(n) (2') 1”) an-'U(n) X a-n-H U(ﬂ) (2”)
(59 |@" N n1 e @™l 1)] (6 5 a"t(-n-1) a"ln-1)|(6")
(3" a""u(-n)Z a™uen) |4 (3" @™ u(-n) [T a&""ui-n) | (4")
(7 a™t(n-1) a™in-1)] (8 4| a™in-1) e a™n-1) |8




A.l Flipping D.l Flipping?2 _
Base Inverting Ba_se Inverting o
Range Flipping Shifted Range Flipping

N+l

W] a" un) ,={a™ un)|2) @[ aun == a™um | (2

) [a” vn) k2] a™ uen) | @) 39| a™"ut-n) a™uen)| 4

n+l ~n-l

(5)[@au(-n-1) == &"u(-n-1)| (6) (59 a"u(-n-1) =& u(-n-1)| (6")

) aun-1) e a"uin-1)|(8) (7 a1 e a0 | (8

()] a™ u(n) \ a™ un (1) (@ atuin) \ arun) (1')
) a™ u(n) a™uin [2) @9 a™*un) a™ umn) |2
Glamun] /N [aun]e) e ] /0N @ un]e)
4 a™ u(-n) a™u-n) [(4) (4 g™(n) a™uen |
(5) a"u(-n-l)\ au-n-1)[(5) 5INa™n-1) \ a™l-n-1)|(5"
©Na’un-1) a"u(-n-1)|(6) &) a@™i(-n-1) a"(-n-1)|(6")
Mla"un-n| / N\ @] Taen] /0 N\ [a i)
@) a"umn-1) a’uin-1y|8) B a tn-1) atin-1) |8

(1) - (4) (5) - (8) (1) - (4 (5') - (8")

(2)-(3) (6)-(7) (2)-(3) (6 -(7)

(3) - (2) (7) - (6) (3)-(2) (7 -(6")

(4)-(1) (8) -(5) (4" - (1" (8 - (59




B.l Range Shifting E.l Shifting2 o
Range Flipping Shifted Range Fllpp_lng
Range Complementing Range Complementing
(L) a™ u(n) va"u(-n—l) (3) an[ auin a"u-n){ (3
(5) @ utn) k&= amu(n-1) |(7) (5') a'"d(-n-l)z a™un-1)[(7")
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