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(ID, SR)

(SR2, SR) (SR2, SR)

(SR2, SR) (SR2, SR)

(ID)

(SR2)



*a ←

/a →

*z ⇒

/z ⇐

*a ←

/a →

*z ⇒

/z ⇐

(1)

(3)

(7)

(5)

(n→n+1, id)

(n→n-1, id)

(n→n+1, id)

(n→n-1, id)

(id, 
n→n+1)

(n→n-2, 
n→n-1) (n→n-1, 

n→n-1)

(n→n+1, 
n→n+1)

(n→n-1, 
n→n-1)

(n→n+1, 
n→n+1)

(id, 
n→n+1)

(n→n-2, 
n→n-1)

(Exp, Range)

*a ←

/a →

*z ⇒

/z ⇐
(1)

(7)

(SL, id)

(SR, id)

(id, SL) (SR2, SR)

(SR, SR)

(SL, SL)

(3)

(5)
(SL, id)

(SR, id)

(SL, SL)

(SR, SR)



(n→n+1, id)

(n→n-1, id)

(id, n→n+1) (n→n-2, 
n→n-1)

(n→n-1, id)

(n→n+1, id)

(id, n→n-1) (n→n+2, 
n→n+1)

(n→n-1, 
n→n-1)

(n→n+1, 
n→n+1)

(n→n+1, 
n→n+1)

(n→n-1, 
n→n-1)



(n→n+1, id)

(n→n-1, id)

(id, n→n+1) (n→n-2, 
n→n-1)

(n→n-1, id)

(n→n-1, id)

(id, n→n+1) (n→n-2, 
n→n-1)

(n→n-1, 
 n→n-1)

(n→n-2, 
 n→n-1)

(1') (2')

(7') (8')

(5') (6')

(3') (4')

u(n)

u(n-1)

u(n)

u(n-1)

u(-n-1)

u(-n)

u(-n-1)

u(-n)



symmetric
range

Inv(a, z) Symm(Rng)

symmetric
range

Inv(a, z) Symm(Rng)

complementary
range

dual(CR) Comp(Rng) nSwap(a, z),
Inv(a, z) 

complementary
range

Comp(Rng)

shifted
range

Shift(Rng)nSel(1, CR)

(ID, SR)
shifted
range

Shift(Rng)nSwap(a, z)

a ← 1 / a,
z ← 1 / z;

a ← 1 / a,
z ← 1 / z;

 numer ← numer / CR
denom ← denom / CR

a ↔ z;

a ← 1 / a,
z ← 1 / z;

 numer ← 1 or CR a ↔ z;

(ID, SR)

(ID, CP) (ID, CP)

(ID, SM) (ID, SM)



u(n) u(n)

*a ←(1) /a ←

u(n) u(n)

(2)

u(n) u(-n)&

u(n-1) u(-n-1)&
Symmetric Region

u(n-1) u(n-1)

/a →
(7)

u(-n) u(-n)

u(-n-1) u(-n-1)

(3)

(5)
*a ←

/a →

*a →

/a ←

*a →

u(n-1) u(n-1)

u(-n) u(-n)

u(-n-1) u(-n-1)

(6)

(8)

(4)

symmetric
range

Inv(a, z) Symm(Rng)

symmetric
range

Inv(a, z) Symm(Rng)

(ID, SM) (ID, SM)



u(n) u(n)

u(n-1) u(n-1)

*a ←

/a →

(1)

(7)

u(-n) u(-n)

u(-n-1) u(-n-1)

(3)

(5)
*a ←

/a →

/a ←

*a →

/a ←

*a →

u(n) u(n)

u(n-1) u(n-1)

u(-n) u(-n)

u(-n-1) u(-n-1)

(2)

(6)

(8)

(4)

u(n) u(-n-1)&

u(n-1) u(-n)&
Complementary Region

complementary
range

dual(CR) Comp(Rng) nSwap(a, z),
Inv(a, z) 

complementary
range

Comp(Rng)

(ID, CP) (ID, CP)



nSwap(a, z)
inv(a, z)

numerator swap: a ↔ z for a common ration az
inverse(a) and inverse(b)

nSwap(a, z)

inv(a, z)

nSwap(a, z)

inv(a, z)

nSwap(a, z)

inv(a, z)

nSwap(a, z)

inv(a, z)



u(n) u(n)

u(n-1) u(n-1)

*a ←

/a →

(1)

(7)

u(-n) u(-n)

u(-n-1) u(-n-1)

(3)

(5)
*a ←

/a →

/a ←

*a →

/a ←

*a →

u(n) u(n)

u(n-1) u(n-1)

u(-n) u(-n)

u(-n-1) u(-n-1)

(2)

(6)

(8)

(4)

shifted
range

Shift(Rng)nSel(1, CR)

(ID, SR)
shifted
range

Shift(Rng)nSwap(a, z)

(SR2, SR)

Right Shifted Region
u(n)

u(-n)

& u(n-1)

u(-n-1) &



nSwap(a, z) nSwap(a, z)

nSwap(a, z) nSwap(a, z)

nSwap(a, z) numerator swap: a ↔ z for a common ration az




