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F,(z) x 0 k@ = E‘(E) *Z' = E,_(Z)
g z) * 0 xz'= 3@ x2' = 4,3
u(-n) u(-n) u(-n-1) Shifted Ranges
common ratios
1) f@ o2 59  fuz) O
(2) 3® a'z (6) Gufd) g
3) f@® gp (7 @) a2

(4)  gu3) g4 2" (8) gy2) o'z




Shifted Geometric Series

f(z) f3(2) 9,2) 3.2
Relationships (4)

@) f@) 3.2 3.3

fa) * oz = f(3)
g@) * o'z = 3.(2)
u(n) u(n-1)
f@ * a'z" =  fa)
3,8 *xaz2” = g()
u(-n-1) u(-n)
f(3 * o'z = f4(2)
u(n) u(n-1)
B xag = @
9s(2) * 02" = g (2)
u(-n-1) u(-n)

common ratios

1y fH@ a2

(
27 9.3 a'z (6'
(3) fy3) gog (
(4) G 3) 4 2" (







1) foy= L= f@ =13 Q)

7) f(@)= iy fz)y=—1 _ (7

L — N M
=g [ |

(5) f(z) = DD“E, fz) = g (5

3) f £ (2) = —m (3"

~

2) 3@ == @)= ()

8) 3,() = = %@ =11 (8)

| - -

M

=T

(6) §(2) = T-r ()= (6')

| |

4) @ =T =T (@)







(1) hy(a.2)= f(z3) = Tz (1) hita.a)= f@)= 2
(2) hy(a.2)= G(3)= == (2') hi(a.2)= 9,3)= T,
(3) hs(aoz)‘:'. F!(z)_; !—;\-IZ-I (3') h;(a.z)'-: fg(Z) = !_vmlz-c

(5) heta.2) = f(a) = “fz (5') bhyta.2)= f(z) = —5
(6) ho(a.8)= §(z) = To= (6" hi(a.2)= §(2) = Tz
(7) ho(a.8)= fz)= 42 (7] ho(a.2)= fy(2) = =5

(8) hg(a.2)= 9,(2) = ‘¢ (8) hyla.z)= 3,2)= I—E

2




Substitute with a Multiplicative Inverse




Substitute a with its Multiplicative Inverse

h,(a’.2)= h,(a,2)
h,(a'.2) = h, (a,2)
h;(a.'.z) = hq.(a,Z)
hy(a',2) = hj(a,2)
ho(a'.2) = h(a.2)
h,(a'.2)= hg(a,z2)
h,(a'.2) = hg(a.2)
hy(a'.2)= h,(a.2)
a" |(1) 2)]a™
(a',2)
a'|(3) Dl a™"
a'|(5) 6)|a™"
(a',2)
a'|(7) 8 a™"

h/(a'.2) = hj)(a.z2)
h)/(a".2) = h/(a.2)
hy(a'.2) =  hy(a.2)
he(a',2) = hiy(a.z2)
hi(a'.2) = h¢(a.z2)
hi(a'.2) = hg(a.2)
hota'.2) = hg(a.z2)
hs(a'.2) = h,(a.2)
an-l-l (1|) (2|) a-ﬂ-l
(o ,2)
an-l (3|) (4|) a-n-tl
an-l-l (5|) (6|) a-n-l
(a',2)
ar' (7" (8" a™




Substitute z with its Multiplicative Inverse

h,(a.2")= h,(a.2)
h,(a.2") = h,(a.2)
hy,(a.2”) = h,(a.2)

hy(a.2) = h,(a.z2)

ho(a.2”) = hg(a,2)
h.(a,2")= h,(a.2)
h(a,2’)= h,(a.2)

hy(a.2)= hc(a,z2)

hi(a.2') = hg(a.2)
hy(a.2") = h,(a.z2)
hy(a.2") = hj(a,2)

he(a.2") = h'(a,2)

he(a.2?) = hg(a.2)
hy(a.2’)= h,(a.2)
h,(a.2)= h,(a.2)

he(a.2’) = hg(a,2)




Substitute a with its Multiplicative Inverse
Substitute z with its Multiplicative Inverse

h,(a',z")= hs(a.2) hi(a',2")= h,(a.2)
h,(a",2") = he(a.2) hiy(a',z") = hg(a.2)
hy(a',2") = b, (a,2) hy(a’,2") = hj(a.z2)
hy(a'2')= ha(a.2) h!(a'.2)= h'
he(a'.2") = h.(a,z2) he(a',2) = h,(a.2)
h,(a'.2") = hg(a.2) h,(a',2') = hg(a.2)
h,(a’.2") = hg(a,z2) h,ta'.2")= hg(a.2)
hg(a'.2") = h, (a.2) hg(a',2") =  h(a.z2)
u(n) |(1) (2){ u(n) u(n) [(1') (2')] u(n)
(a-l’z l} (a-l’z-l}

u(-n) [(3) (4)] u(-n) u(-n) |(3") (4')] u(-n)
u(-n-1) {(5) (6)]u(-n-1) u(-n-1)](5") (6')[u(-n-1)
((L.l,z.') {a..',z-')
u(n-1)|(7) (8)] u(n-1)  u(n-1)|(7") (8| u(n-1)




fz) *a (©)= £(2)

f) /a O)= fy(z)

fz) *a (©)= f(a)

F,(Z) [a ()= f(2)

f(z) *z

f) /2

F(;s) *Z

1?,(3) [z

(=) = f4(2)
(<) = f;(g)
(=) = 133(3)
(=) = f—;(;_l)

q(z) /a ()= G, (3)

3,(2) *a

= 9.(2)



(2)

(2)
(3)f,(2) (3') fy(2)

(2)
(7) f,(2) (7') F(2)

(6) 9(z) (6") 3,(2)

(2) g(z) (2')9,(2)
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e e N @ G
& / & \ (&) \\'i

<IN e N T -
N | A | e
(3) 2" uen)  (3') 2"'u(n) (4) 2 u(n)  (4') 2-™ u(n)




Exp:n—-n+1 sy Rng:id (D)
Exp:n—->n-1 <k Rng:id (D

(1) 2" uim) (1') 2" un) (2) 22" un)  (2') 27 u(n)

o o™ / (_L)" (&)"ﬂ

(SL, ID) (SL, ID)

I | B B
o sl A @ -(4)™
(SL, ID) (SL, ID)
(SR, ID) (SR, ID)
. o L (&) (%)
[ — 1 — | e

(7) 2" u(n-1) (7') 2.""41(!1-1) (8) 2" u(n-1) (8') 2‘“*l'u(n-1)

(SR, ID) (SR, ID)
-
— —
<] -d A w | W

(3) 2" uen)  (3') 2*'u(n) (4) 2 u(n) (4') 2. u(-n)




Exp: id

(ID)

EXp: n - Nn-2 (sr2)

Rng: n -» n-1 (R
Rng: n - n-1 (sr

(1) 2" um (2) 2 u(n)
o (%)
—2
o (ID, SR) (&) (D, SR)
(7) 2" un-1) (8) 2" u(n-1)
(5) 2" un-1) (6) 2 u(-n-1)
1 —
-0 / ‘(ﬁ)"
(ID, SR) —— (ID, SR)
-d -(&)°
(3) 2 u(-n) (4) 20 u(n)
(1') 2" u(n) (2') 27" un)
= G
(SR2, SR) [ = Ve (SR2, SR) s
1 | —
(7I) 27" (n-1) (8I) 2-"*'u(n-1)
(5') 2™u(-n-1) (6') 2™'u(-n-1)
\ |
- | | -(&™
(SR2, SR) F=—4 (SR2, SR)
- -(&)"
(3') 2" u(-n) (4') 2-m1 (4(-n)




Exp: id

(ID)
EXp: n = Nn-2 (sr2)

Rng: n -» n-1 R
Rng: n = n-1 (sr)

(1) 2" un (2) 2 un)
o (%)
e
" (ID, SR) &) (D, SR)
(7) 2° u(n-1) (8) 20 uin-1)
(5) 2" u(-n-1) (6) 2 u(-n-1)
- E—
- / -(&)"
C (ID, SR) 1 (D, SR)
- (&)
(3) 2 u(n) (4) 2 u(n)
(1') 2 u(n) (2') 27" u(n)
S (™
(SR2,SR) | 4 (SR2, SR) NS
_— | I
(7I) 2"'u(n-1) (8I) 2"*u(n-1)
(5"') 2"wu(-n-1) (6') 2™'u(-n-1)
o e
(SR2, SR) F=—=—o] (SR2, SR)
-o” -(&)"
(3') 2*"'u(-n) (4") 2:m y(n)




(Exp, Range)

(n-n+1, id)

(id

n-N+1)

'

—~
~
~—~

(n—-n-1, id)

(n-n+1, id)

—~
un
~—~

(id |

n-h+1)

(n—-n-1, id)

(SL, id)

(id} SL)

/a = (SR, id)

(SR, id)




(n-n+1, id)

N o

n—%l—l)

(id] n-n+1) (n-$n-2,

n=n-1) /><(‘ n-1,
Nn—ony1)
A=y

/

(n-n-1, id)

(n—-n-1, id)

\ (n—>n—,1,/

(id} n»n-1) (n$n+2, N n=¥l)

n-h+1) ><

N\

n+1,
=1

(n-n+1, id)

\




(n»n+1, id) (n—n-1, id)
(id} n=>n+1) (n-pn-2 (n—=n-1, (id] n>n+1) (n—pn-2
n—p-1) n=n-1) n—p-1)
— .
(n—=n-1, id) (n->n-1, id)
(n—n-2,
n—n-1)
(1') 2" u(n) (2') 2™ u(n)
all / (&)"ﬂ
o / @&

(7)) 2mtn)

(8') 2"“-'U(n-1)

(5") 2™'u(-n-1)

(6') 2'u(-n-1)

\\ ) /’

—o™ | /i/ ..(6.‘)“ !
B S |

- a.'l / - (t)""




symmetric

i M symmetric
range g d range
Inv(a, z) Symm(Rng) Inv(a, z) Symm(Rng)
a<1/a, a<1/a,
ze<1/2z ze<1/2z

B D-a D-a

complementary

u[=R

— (D,_-CP) : E:rr]rg\]pélementary
range =
0O 1, [
dual(CR) Comp(Rng) nSwap(a, z), Comp(Rng)
Inv(a, z)
numer « numer / CR aoz
denom « denom / CR
a<1/a,
z«1/z
—— hifted
shifted shirte
o, oY) rangc o, oYy
nSel(1, CR) Shift(Rng) nSwap(a, z) Shift(Rng)

numer « 1 or CR

aez




u(n) & u(-n) . .
Symmetric Region
u(n-1) & u(-n-1)
a" u(n) a™' un) a™ un) a """ uln)
(1) (I *a < . (D) M /a < o«
T e | 1] T B
e O _ & _ b
\J) |_@ /a — | _wz-l £4"% |-0.2 *a N | _Az-l
a® u(-n) ar u(-n) a™" u(-n) a™' u(-n)
a®u(-n-1) a™' u(-n-1) a""u(-n-1) a™" u(-n-1)
(5) |- @& | *a < Y (6)]- & | /2« g
\J) | l&-n) |‘0:I€' ) | -{a. l‘ai.'
(7) @2) Z oy @ | Z
v I-6® /a - | -a2 Al T *X3 — | -672
O n-1) a™' u(n-1) a " u(n-1) a™ un-1) N
symmetric " symmetric
range range

Inv(a, z) Symm(Rng) Inv(a, z) Symm(Rng)




u(n) & u(-n-1) .
Complementary Region
u(n-1) & u(-n)
a" un) ar un a™ un) a-"-tumn)
(1) M_| fa< a | /a « o
e | -ag TR -2
(5 @) | *a <« z (6) |- (o& /a < z'
N | Hag’ | -a¢' S 1 -{eE) | -a&
a"u(-n-1) a™ u(-n-1) a ™" u(-n-1) a"™" u(-n-1)
a" u(n-1) a™' utn-1) a"un-1) a " u(n-1)

G) 2 _ 2
—(—7—)— - 6. /a - | -02 48% I -2 *a - | -0C%

)
N

ay ~ (4) % &
/a - | -xg! I-6&)| *a - | —0&"
a ™" u(-n)

an u(-n) aﬂ" u(-n) a-n«n u(-n)
<) o)
D D complementary ﬁ s complementary
(!D, CP) .ﬁ_ﬁ range (ID CP) D.i D_i range
’
dual(CR) Comp(Rng) nSwap(a, z), Comp(Rng)

Inv(a, z)




nSwap(a, z) numerator swap: a « zfor a common ration az

inv(a, z) inverse(a) and inverse(b)

_( @

ﬂwaﬁ@ﬂ?lé%—mmmﬂ&é%—

®)
| -a2 | -a'2
mv(a, z) , inv(a, 2)
E’ lfn’: y { ) E“ y
| -a¥' | -ag'

| -0 | -2
mv(a, z) | ' inv(a, z)
* AR o m El
|-t HE l-az* HE




Right Shifted Region

" u(n) ar* u(n) a™ un) a:""' u(n)
M *a < a (D) M /a < o
| ¢ I-ag TN ] T-eE
X X
/ N\
@ |/ g | gy @ z_
- 6D /a — | -62 I-l72) | *a - | -0’2
a" u(n-1) ar' u(n-1) a"u(n-1) a ™ un-1)
a”u(-n-1) a™ u(-n-1) a " u(-n-1) a™" u(-n-1)

—
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—~
W
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Q |/ &« oyl QO A
-8 /a - | -og 6B Fa - | -02"

—

a’ u(-n) a™' u(-n) a™" u-n) a ™' u(-n)

[
\n
o

( D D ) shifted 6\& shifted
nnnnn range

(2
5o
R0
W

D

-

rarryc

nSel(1l, CR)  Shift(Rng) nSwap(a, z) Shift(Rng)




nSwap(a, z) numerator swap: a ¢ z for a common ration az







