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Geometric Series : f(z), g(z), f(z), g(z)
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simple pole models with a unit nominator
a'f(z), 29(z), a f(z), Z9(2)
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8 simple pole models with unit nominator
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Geometric Series Expression

Region of Convergence Expression
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8 sequences

Power Selection

Range Selection

" o), [ wen) |\
L a" a‘",}" wen ) w(n) /
-0"|- u(n) - Q" | uen)
0" uen) 0" - ucn)
-0" . W(n) -0" . Wen)
0" - uen) o L un)
an a-n
symmetric(a)
// L S \\
! *
sign sign
. _
_an o _a‘ﬂ
symmetricia)
-~ 7




Power Selection

Range Selection

8 -
-0 N S wtn) Ue-n)y
SYITITTIEWt(a) Symm(V) ‘
\\ - = /_/ ® 9
- | 2 & &
sign sign symm(v) symm(v)
® ® o v
0 -
Q Q" Ut-h) wny
/ symmetric(a) \ ‘ symm(v)
— . - = o=y

Power Selection

Range Selection

U A IO uen) |\
Ll A" a" ) " | luen) u(n) |/

comple- comple-

mentary mentary

signs sians
) )




L tw) ut-n)
i \1 ] symm(v') ‘
2 2 2 .
' sign symm(v) symm(v)
E ¥ o v
Qﬂ L a—n ut-n) ww)
// symm(a) \ symm(v) |
s = - L ®« 9
-0" u(n) | -at{uen) | —g" wn) | -a". uen)
".luen) 0" u(n) 0" uen) " u(n)
N N
. m T e S S e S
I Y N \
N } /
aﬂ qn a.n Q—n )
)\ N\ T
sign sign sign sign




N\
-an ) r//\
- e N
| ‘ inmud) \ , um)\ [/_\
N\ ® A ) symm(v) | uw\
1gn
' * sign * l
. g synjm(v)
an v syrmm(v)
// / symm(a) \Q-n { Ut-n) | .
\ J \/ ‘ J symm(v) sk
] il
- S |
-0"-w(n) | |- gt uen U ¢ J)
N.luen) 0" T e 3
O ) 0" Hu(n) . uen T
4 e . n) |
) O u{n)
- n |
a ) -a" at-ny
B | -qa" utn) -a"
\ \\ | ut-n)
//
a" /
-h "
T A A
e N e o BV
—— \ uU\)
S I
-a" -a"
Y, W
N - i
a" a" :
- / \(l a™"




v(n) : a range selection expression

v(n) € {u(n), u(-n)}
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bipartite mappings
over 8 simple pole models

RDED

Inverse(a), Inverse(z), Inverse(a,z), Sign
determines such mappings

purpose: given a bipartite mapping over
8 simple pole models, which is determined by
Inverse(a), Inverse(z), Inverse(a,z), Sign

find out the corresponding mapping and
operations in the time domain
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Inverse(a) Inv(a)
Inverse(z) Inv(z)
Inverse(a,z) Inv(a,z)
Sign Sign
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4 examples of such mappings (3 @
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Permutation (1) L@ | L@ |
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4 examples of such mappings
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Transformation of h(a, z)

(1)
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Inverse(z)

h(a, 3) f Lo, gY)

b, 2) =-(l-ag)" ha,gh)y = -(-a@)
Lo, 2) = (l-ag) fhula,gh) = (l-a2 )

h,la, ) =-(1-a%)

fsla, ) = —(1-az)

hta,2) = (1-az) hola,zh) = (l-ag )
Sign, Inverse(a)

h (o, 2) -flaie)

(o, 2) = -(l-ag)" +Hlatz) = (-a2)
fala, 2) = (I-ag) ~fulatz) = - (I-a @)
hsla, 2) = -(1-a'% )" ~ftatz)y = (l-az )
hla, 2) = (1-az) ~htatz) = - (1-a%")
Sign

h (o, 2) -hla,2)

h e, ) =-(1-ag)" $hla,2) = (l-az)

fula,2) = (1-az) ~fala,2) = - (1-0'2*)

fs (o, 2) = -(1-a"% ) ~fhsla,z) = (1-a2)
hola, z) = (1-a®) ~hla,z) = ~(I-ag)y

Inverse(a,z)

h (a, 2)

A

hla,2) =-(l-ag)

h2) = —(1-az)
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(1-a'2)"

' z) = (1-aeV

hsla, 2) = -(1-a% )

htzg) = -(1-a2)

f\+La, 2) =

(1-az)
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Transformation of h(a, z)
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(2)
(4)
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Inverse(a)

hla, 2)

6 o, )

b Lo, 2) =-(l-ag)

hta',z) =-(1-a% )

hala, ) = -(1-az)

hata',z) = ~(1-a2y

h, (0. 2) = (1-a'2) hsta,z) = (l-a2)
hla.2) = (I1-a'2) hlalz) = (l-ag )
Inverse(a,z)

h (o, 2) h a2

hla, ) =-(l-azgy hiaghy = -Cr-a2)
fola, 2) =-(I-ag) fatalgh) = -(1-a%)
h,la,2) = (1-a'®) hslalg) = (1-az )
hlo,2) = (l1-a'% ) hlatzh) =  (l-az)
Sign

A Lo, 2) -hla.2)

h,la, 2) =-(l-ag) ~fh,a,2)= (l-ag )
fula, 2) =-(-ag) —h.(a,2)=" (I-g2)

h,la, ) =  (1-a'2)

sl )= —(|-gz'y

f\+La, 2) = (l—a-IE )-'

-h la, 2)= —(1-a% )"

Sign, Inverse(z)

h(a, 2) -h 0,3

hla,2) =—-(l-ag) hta, &)y = (1-qz)
fala, 2) = -(1-az) oo, )= (1-az)
hola,2) = (1-a'z) hs @, 2)=  -(1-a'2 )
hla.23) = (l-a'2) holo, 2= -(|-aw )




Transformation of R(a, z)

(1)
(3)

(7)

(2)
(4)

(8)

Inverse(z)

Rla, R) R La, &)

R (o, 2) : z|<a Rta,2): zI>a

R.(a, ) 1 |z|>4 R.(a,g) o 12I<a

Rs (o, 2) 1 |2]<a Ryla,g) 1 12Izo

R,La,2) : [Zl>a R,la, &) 1 |Z<a
Inverse(a)

R(a, 2) Riaiz)

R La, 2) © |2l<a’ Rlalz) : |2l1<a
R,(a, 2) I |z]>q" Rilaiz ) I 12120
R;(a, ) 1 |z]<a Rslalz) : |zl<a”
R, La,2) 1 2l>a Rlaiz) i >«
Identity

Rla, 2) R (a,2)

R (a, 2) I |2<a Rla,2): |2l<a’
R.(a, &) © |2|>q" Rila,R) I 12]>0"
R, Lo, ) ¢ |z|<q Rsa,2): |2I<a
R, 2) L [Z[>a Rla,2): Zl>a
Inverse(a,z)

R(a, 2) R (o, &)

R (a, 2) : |ZI<a’ R, g : 1z1>a
R.(a, 2) I |z >4 R, (ot 2h @ 121«
R,La, ) I |Z[<a Ratg) i 1zl>a
R.La,2) : [ZI>a Ratgh): [Zl<a




Transformation of R(a, z)

(2)
(4)

(8)

Inverse(a)

R(a, 2) Ralz)

R (&, 2) & |z1<a’ Rta',2) I |2l<a

R.(a, 2) 1 |2|>0 R.Ca', ) * [z>a

RsLa, 2) 1 2> RsLa',2) 1 Izl>a

R.(a. 2) 1 |z|<a Relat, ) - 2I<d
Inverse(a,z)

R(a, R) R(a 2

R o, 2) 1 |2l<a’ Rlaiz) 1 jz1>a
R.La, ) : [2|>a Rlalzgh) 1 |2I<a
R, (&, ) ! z|>d Relal &) 1 jzi<o
R (&, 2) I |ZI<a Ralzh) : zl>a
Identity

R(a, 2) R(a,2)

R La, 2) I [Zl<a” Rla,2): |2I<a
R,(a, 2) : [El>a Rila,2) : Iz a
R,(a, 2) ! 2I>d R;la,2): [z
R, (&, 2) ¢ |Z21< 0 R.(a,2): |El<a
Inverse(z)

R(a, 3) R (o', &)

R (a, 2) 1 [EI<q RW,g): zi>a
R.(a, ) © [Zl>a R, 2 1 z1<a
R,(a,2) ¢ |z|>d R,(at 2" : |zlI<a
R, (o, 2) o [Zl<a Rlatzh): 1z|>a”




()| (2)
Mappings of ROC and simple pole expressions e
(7)] (8)
] |:|" Permutation 1 Inverse(z)
(-1) |:|-||:| Permutation 2 Sign, Inverse(a)
(-1) Permutation 3 Sign
|:|-||:|“l Permutation 4 Inverse(a,z)
Inv(z) Inv(z)
12| < & 12| < @& —(l-ag)" - (1- a &y’
2|> G 12| > G (1-ag )" (1-a'2 )
2| <d’ > |Z| <& -(1-a'g )" -(1-az )"
Izl > o 2] > (1-az) (I-az )
Sign, Inv(a) Sign, Inv(a)
12l< a 121< 4 - (l-agy ~(1-azy
2|2 G 121> & (1-g'z)" (1-a'2 )"
2| < 12| <& -(1-a'g ) -(1-ag)"
12| > o 12| >4 (1-a2) (1-az )
Sign Sign

—(1-02) e -(-042")"

(1-6'z') commsss» (|-4'2 )

~(1-a'2 )" o -(|-0'7)"

(1-az)y oo (|-a2 )

Inv(a,z) Inv(a,z)
1Zl< & - |Z]< & - (l-ag) - (1- oz
t>a 21> a -y o % o (-a%)
£l <d” |21 <& —(l-a ) & W (- )
z|> A 1z|>a? (1-az) (l-ag )




Rearranging mappings of ROC expressions

o~~~ o~

~NUOUtWwE

o~~~ o~

xo&N

Inv(z) Inv(z)
|2l < @& |21< @& | 2| <& 12| > &
12| > & ; { 12| > G\ HbX'S 121< @&
|2 <& |2 <& -
|2l < & 12|> 4
2] >4 12| > & 12| > 6 |2] <&’
Sign, Inv(a) Sign, Inv(a)
|2l < & 1Zl< & 12| < 12| > G
12]> G - 12| > & 12| > |2l < &
|12 <d > 2] <4 21<d 21> 4
2] > & 2] > 12| > G | 2] <@
Sign Sign
|2l < @& |2l < &

12| > G\MIZDG\

|| <&’ HI Zl <d

IH?&"MIZI?&"

Inv(a,z) Inv(a,z)
1Zl< & |2l < & || <d 12| > &
12|12 G 121> G 12| > o o 12l< &
3 3 o @ ;
|2 <& || <& 2] < & - 12|> 0
| —~— 3 -1
12| >0 12> o 12| > O | 2] <&




(1)| (2)
Mappings of ROC and simple pole expressions g; ﬁgi
(Rearranged) (7)| (8)
1M Permutation 1 Inverse(z)
-
(=) 1] Permutation 2 Sign, Inverse(a)
(-1) Permutation 3 Sign
|:|"l |:|"l Permutation 4 Inverse(a,z)
Inv(z) Inv(z)
|| <& 12|> G -(l-ag) - (1- a2y
2] >a? |Zl< @& (1-a'2)" (1-a'g )
121 < @ 12|> o’ -(1-a'2 ) -(l-a'z )
12| > G 12| <d’ (1-az) (l-az )
Sign, Inv(a) Sign, Inv(a)
12| <& 12| > 4 - (l-agy - (I1-a &y
2> Z1<a (1-az) (1-a'g )’
12l < & 12|>a? -(l-a'% ) -(1-a2 )"
121> A 12| <& (1-az) (1-az )*
Sign Sign
—(1-42)" e -(1-02)"
(1-6'z) oo (|-4'2 )

~(1-0'2 ) com—-(1-07)"

(1-azy o (|-az )

Inv(a,z) Inv(a,z)
|Z| <{ 12> G -(l-ag) - (1-ag)
12| >a? 4 12| < & -z )" < -a'z )
¢ S : ( _lz )" Pat (1-a'2 )-'
12| < @& <> IZ|> 0 -(1-a'% ) L 2 -(1-a'2)
12]1> G 12| <& (1-az) (I-a2 )




Transformation of a(n)

(1)
(3)

(2)
(4)

(5)] (6)
(7)] (8)
Symmetric(a), Symmetric(v)
Q4" v(n Q™" - vEn)
An = =o' wen) An = -4" utn)
Gn= O wen) Gn= 4 u(n)
Gn = ~a&' uin) On = =0 - Uen)
On= O uen) Ca= o uln)
Sign, Symmetric(a)
A" v(n) -a" - w(n)
Gn = =g win) On= 0o w(n)
Gn= o Wen) An = -4 U&n)
Gn = -4 utn) An = o w(n)
Qn = 0 uen) An = -0 ®en)
Sign
Q" v (n) -Q" - w(n)
An = -0 uln) Qn= O Uln)
An = O - uen) On= -0 UEn)
An = ~4" uln) GAn = O uln)
Gn= & wen) Gn = -4a" wen)
Symmetric(v)
a"- v(n) Q" - vn)
G = -t ucn Gn = o uem
Gn= o uen) Gn = o w(n)
An = -0 wuln) Gn = -4" wen)
Gn = 0 uen) Gn = O W(n)




Transformation of a(n)

—_ e~~~
N UlWw
S— S| —

Symmetric(a)

4" v(n) a™ - w(n)
An = -0 - utn) An = -4 wCn)
Gn = -0"- utn) Gn = -0 - WEn)
An = o' wen) GAn = 0O wen)
Gn = O Wwn) An = o wcn)
Symmetric(v)
a"- v (n) Q" - vEn)
An = -0 - uln) An = -0 utn)
Gn = -4" utn) Gn = =4 utn)
Gn = 0o - uen) Qn= o u(n)
Gn = 04" w(n) Gn = 4" wen)
Sign
QA" v(n) -a" - v(n)
Gn = -0 - uln) On= O WU(n)
An = -4" wen) Gn= & uen)
On= o' - wuen) On= -0 Wen)
Qn = 0 - W(n) Gn = -g" win)
Sign, Symmetric(a), Symmetric(v)
Q" v(n) -Q" - veEn)
Gn = -0 wln) Gn= 4 Wen)
An = -4 wen) An = o' uln)
Gn= o Wwen) GAn = -4 utn)
Gn = 0" Wwcn) Gn = -0 Wwen)




Transformation of v(n)

(1
(3

(2
(4

Symmetric(v)

U(n) U (-m

Uiln) = 4(n) V(1) = wuin)
U,(n) = w(-n) U,(n) = uen)
U,(n) = wu(n) U, = U
Lyln) = 4n) Uy tm) = Wim)
U(n) v n)

Uiln) = wn) Ui(h) = uen)
U,(n) = w(-n) U,(n) = uin)
U;(n) = u(n) U,(n) = e m
Upln) = 4en) Uan) = uem
Uin) v n)

Uiln) = L(n) Vi(h) = u(n)
U,n) = w(-n) U,(n) = wen)
U (n) = wu(n) U,(n) = em
Upln) = uln) () = uen

Symmetirc(v)

U(n) U (-n)

Uiln) = Uen) Uity = wden)
U,(h) = u(-n) U,l-n) = uin)
Us(n) = u(n) Uytn) = U-n)
Upln) = &n) Upl-n) = wem




(1) (2)
Transformation of v(n) 2
(7) (8)
Identity(v)
U(n) V( n)
Viln) = wn) Ui(n) = U(n)
U,(n) = u(-n) V(") = u(-n)
U,(n) = u(-n) U, () = uln)
Lyn) = u(n) Up(n) = u(n)
Symmetric(v)
U(n) v(-n)
Ui(n) = u(n) Ui(M) = wen)
U, = wen Up(-1) = win
U,n) = uen) Ug(-n) = Win)
Ugn) = u(n) Upln) = Ue-n)
Identity(v)
U(n) Vin)
Uin) = wen) Ui(n) = uln)
U,(n) = y(-n) U,(n) = ukn)
U;(n) = uln) U,(n) = Len)
Up(n) = u(n) Up(n) = y(n)
Symmetric(v)
Uin) VU (-n)
Viln) = u(n) Vi(-n) = w(-n)
Uz(n) = u(-n) U,(-n) = w(n)
U, () = u(n) U,(-n) = Win)
U () = u(n) Upl1) = i)




Permutation (I)

Inverse(z) hla,2) Rla,2) h(a,2) Ra, 2
Symmetric(a, v) a" -U(n) Q" V(-
Permutation (Il)

Sign, Inverse(a) hla,2) RUa,2) -hlalz) R(aiz)
Sign, Symmetric(a) 4" -Un) -Q" -UE-n
Permutation (1lI)

Sign h . 2) Rea,2) -hla,2) R(a,2)
Sign A" .vn) -0" -U(n)
Permutation (1V)

Inverse(a,z) h(a,2) Ra,2) 6 .g) R e
Symmetric(v) o" ¢en) a" -V(-n




(1) (2)
(3) (4)
(5) (6)
(7) (8)
Permutation (I)
Inverse(z) hla,2) RC(a,?) hla,g) Ra, 2
Symmetric(a) 0" -U(n) QA" v(m
Permutation (Il)
Sign, Inverse(a) h(a,2) R(a,2) -fhlaiz) Riaiz)
Symmetric(v) 4" -U(n) 4" ‘VEn)
Permutation (lil)
Sign h Ca, 2) Rla, 3) -h(a,2) R(a g)
Sign A" .sn) -Q4" .U(n)
Permutation (1V)
Inverse(a,z) G (a,2) R{a,2) h.T) R,
Sign, Symmetric(a,v) 4" .Un) -0™" .Y-n)




x2EN

Permutation (1)

Permutation (2)

Inverse(z)

Sign, Inverse(a)

(2) = (1)+(3)+(4)

Symm(a,v)

Sign, Symm(a)

Inverse(z) (1),

Sign (3),
Inverse(a,z) (4)

Permutation (3)

Permutation (4)

Inverse(z,z) = iden

Sign Inverse(a,z)
Sign Symm(v)
(2) = (1)+(3)+(4)
Symm(a,v) (1),
Stgh—(3);
Symm(v) (4)
Sign, - Symm{a)
(1) = (2) + (3) + (4) (1) + (2) = (3) + (4)
(2) =(1) + (3) + (4) (2) + (1) =(3) + (4)
(3) =(1) + (2) + (4) (3) + (1) =(2) + (4)
(4) = (1) + (2) + (3) (4) + (1) =(2) + (3)




~N Ojw =

Permutation (1)

Permutation (2)

Inverse(a)

Inverse(a,z)

(2) = (1)+(3)+(4)

Symmy(a)

Symm(v)

Inverse(a) (1),

ldantity, (

)
raentity (o),

Inverse(z) (4)

Permutation (3)

Permutation (4)

Identity

Inverse(z)

(2) = (1)+(3)+(4)

Sign

Symm(a) (1),

Sign, Symm(a,v)

Sign (3},
Sign, Symm(a,v) (4)

Symm{(Vv)
(1) =(2) + (3) + (4) (1) + (2) =(3) + (4)
(3) = (1) + (2) + (4) (3) + (1) = (2) + (4)
(4) = (1) + (2) + (3) 4) + (1) =(2) + (3)




z-domain

Permutation (1)
Inverse(z)

Permutation (2)
Sign, Inverse(a)

Permutation (3)
Sign

Permutation (4)
Inverse(a,z)

(1) Inverse(z)

(2)

(3)

(4) Inverse(z)

(1)

(2) Sign

(3) Sign

(4)

(2) Inverse(a)

(3)

(4) Inverse(a)

e e e N
NOotw=
N N N S

(2) = (1)+(3)+(4)
Inverse Z (1),
Sigh(3),

Inverse a, Z (4)

Inverse Z + Z = iden

RSED



z-domain

Permutation (1)
Inverse(a)

Permutation (2)
Inverse(a,z)

Permutation (3)
Identity

Permutation (4)
Inverse(z)

(1) Inverse(a)

(2) Inverse(a)

(3) (4)

(1) (2) Inverse(z)
(3) (4) Inverse(z)
(1) (2)

(3) (4)

—_ e~~~
~N Ul
S |

(2) = (1)+(3)+(4)
Inverse(a) (1),
Identity (3),
Inverse(z) (4)

0 OO~ N




. (1)] (2)
n-domain (3)] (4)
(5)| (6)
(7)] (8)
2) = (1)+(3)+(4)
Symmf a,v)(1),
Sign (3)
Symm(a,v) Sign, Symm(a) Symm(v) (4)
Sign Symm(v)
(1 ™" (2)  a" Q™" .V (-m
Symm(a) Symm(a) -a" uem
3 a" 4 a" -4" .U n)
a" -V(-n)
(1) - VU (-n) (2) - x5¢n)
Symm(v)
(3) - w¢n) (4) -V (-n)
Sign Symm(v)
(1) (2) -
Sign
(3) - (4)

Sign




- (1) (2)
n-domain (3) (4)
(5) (6)
(7) (8)
(2) = (1)+(3)+(4)
Symmi(a) (1),
Sign (3),
Symm(a) Symm(v) Sign, Symm(a,v) (4)
Sign Sign, Symm(a,v)
1) a™* 2 a" Q" U
Symm(a) a" .v-n
3 a" 4) «" -0" -w(n)
Symm(a) -a" - veEn)
(1) -V n) (2) - V(-n)
Symm(v)
(3) - BCM) (4) -3(¢N)
Symm(v)
(1) (2)
(3) - (4) =
Sign Sign







Permutation (1) — —
Inverse(z) —o—
. & ] © ]
Symmetric(a, v)
[ ™» | [ ® 1
Ap = =2"-0(n) (n> o) Gn = _(.i_)"_ wen) | (N<o)
-2°| -2 S P §)-z _2' —20
of 1] 2 RN /1 21110
Gn = 2" utm | (ngo) Gn = (5)"um |(n=0)
afl@Te] L |@ra]ar]-
_2. _| O 0 I 2 cee
An = -(L)" win |(n20) Gn = - 2"-uem [(N<0)
LT a@feT 1. )6
o|1 |2 B 2o
Gn = (£)"aen| (n< o) Gn = 2"uen|(N=0)
92 | )| s° \ L/ 29 2 | 9
21-1 o O| 1|2




Permutation (2) L@ I
Sign, Inverse(a) [ & | BN
Sign,Shift(v), [ & ] @ L © ]
Symmetric(a) ® ) C® |
Qn = =2"-0(n) K'\?/ D) Gn = (Jz-:)“ un) (n;o)
_20 _2| _ll X L (_%)O (_%)l (_%)Z .
0 l 2 \ 0 | 3 |-

Gn = 2"-utm [ (ngo) An = ()" ueny| (ngo)

@14 | @) — RIS

2 |-l O pd| -2|-1 |0

Gn = -(1)" win [(n2 o) Gn = 2"uon|(N=0)
AT | M
o|l |2 T’— Of 1|2

Gn = ()" acnn| ¢ns< o) Gn = - 2" UE-N)| (N<0)

il B S - aifaas

-2 |-]|© : =2 | -] 0




. L @© |
P.ermutatlon (3) E—
>ign A T
Sign, Shift(v) o & ]

An = -2"-uw |[(n20o) Gn = 2" uo-n|(N=0)
-2°| -2 -2 - 20 ).' 21
o 1] 2 \ o1 |a2
GAn = 2"-utm | (ngo) Gn = - " uem [(N<0)

- @GS

2 -1 o

Gn = (&) [(n20) Gn = (£)*um |(n=o0)
Tt - [ 71 7
o1 |2 - o|1]2]-

Gn = ()" uend| (n< o) Gn = ~(3)" uen)|(n<o)

92 | 31| s° \] B SUNYT

2 |- |© /1 2(-10




Permutation (4)

IEI‘O
Inverse(a, z)  ® ] .‘
Symmetric(v) —® o
An = -2'-un) (N2 0) An = - 2" uen)|(N<0)
2|22t | ) ar
ol 1| 2 \1 2| -|| o
Gn = 2" -utn | (ngo) Gn= 2w |(Nz0)
Cale ) I d SFINEIR
2[{-I]o el B e
Gn = -(F)" wim |(n>0) Gn = ~(3)"-uem | (n<0)
-6 ) -2[-2!] -2°
o I /] 2[-1{0
Gn = (L)"uenn | cns o) Gn = (3)*uem |(n=0)
2 [ 2] 20 @°)@) | 6f] -
21-1 | o 0 | 2







