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f(x+h)—f(x)

rrN
Flo = A, h
— iim f(x+Ax)—f(x)
Ax—0 Ax

for a finite Ax >0

F(x) ~ f(X+AAX3_f(X)
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flx] 4

X X+AX

Figure: forward difference approximation
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Forward Difference Approximation (3)

a forward difference approximation

as you are taking a point forward from x.

To find the value of f/(x) at x=x; ,
we may choose another point Ax forwad as x = xjy1 .

PP CEZ RO

- fia) = f(x)

() Ax
_ fxiv1) = F(xi)
Xi41 =X
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Backward Difference Approximation (1a)

forward difference approximation
for a finite Ax>0,
f(x+ Ax)—f(x)
f N -
(x) Ax
backward difference approximation
for a finite Ax<0, then —Ax >0,

f(x—Ax)—f(x)
—Ax

f(x)—f(x—Ax)
Ax

f(x) ~
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X Xx—AXx

Figure: backward difference approximation (a)
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forward difference approximation
for a finite Ax>0,

f’(X) s f(X+AA)<3_ f(X)

backward difference approximation
for a finite Ax>0, then —Ax <0,

f(x)—f(x—Ax)

Fll) = x —(x— Ax)
_ f(x)—f(x—Ax)
Ax
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flx]

Figure: backward difference approximation (b)
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Backward Difference Approximation (3)

a backward difference approximation

as you are taking a point backward from x.

To find the value of f/(x) at x = x; ,
we may choose another point Ax backwad as x = x;_1 .

f/(X) ~ f(X) — fA(;(i AX)

- f(x;)—f(xi-1)

! .
£(xi) Ax
_ fxi) = f(xi-1)
X = Xj-1
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Taylor Series (1)

the Taylor series of a function f(x),
that is infinitely differentiable at a point a is the power series

"(a)

2!

f(a)+f'(a)(x—a)+ (x—a)?+---
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Taylor Series (2)

If f(x) is given by a convergent power series
in an open disk centred at a,
it is said to be analytic in this region.

Thus, for x in this region,
f is given by a convergent power series

F(x)=f(a)+f(a)(x—a)+
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Approximating the first derivative

A Taylor expansion approximates f(x), using f(a),f’(a),f"(a), -,

f(a)
2!

f(x)=f(a)+f'(a)(x—a)+ (x—a)?+---

@ for forward difference approximatin
Xi=a, Xip1=X, AxX=Xji1—X

@ for backward difference approximatin

xpi=a, x1=x, Ax=xj—xj_1
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Deriving Forward Difference Approximation (1)

A Taylor expansion approximates f(x), using f(a),f’(a),f"(a),---,

f(a)
!

5 (x—a)?+---

F(x) =f(a)+f(a)(x—a)+

Let x; =a and xj11 = x

(from a toward x, approximate f(x;;1), using information at x;)

f"(x;)
2!

f(xip1) = () + () (xip1 —xi) + (Xip1— i)+

Substituting for convenience Ax = xj 1 — X;

f//(Xi)
|

> (Ax)2 + -

f(xiy1) = F(xi) + ' () (Ax) +
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Deriving Forward Difference Approximation (2)

f”(a)

Fx) =f(a) +F(a)(x—a) + = (x—a)* +
i) = FO)+F ()t~ )+ -0 (33 =)
i) = F00) + {700} + 70D (a2
Floien) = F0) - 5 (B2 = = {7 () 200}
)= 10) _705) (p, . _ s
Pea) 270D | o(ax= r/(x)
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Deriving Backward Difference Approximation (1)

A Taylor expansion approximates f(x), using f(a),f’(a),f"(a),---,

F(x) =f(a)+f(a)(x—a)+

Let x;,=aand x;_1 =x
(from a toward x, approximate f(x;_1), using information at x;)

f”(X,‘)

2 (xi 1=

f(xi—1) = FOi) 4+ £/ (%) (xi—1 — xi) +

Substituting for convenience Ax = x; — xj_1

1) = F) ~ F () (A0 + 0D (a2
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Deriving Forward Difference Approximation (2)

F) = F(a) 4 £ )+ T ()

2!
f(X,',l) = f(Xi) + fl(X,')(X,‘,l —X,') + f”2(;<i) (Xi—l - X/')2 +--
f(xi—1) =f(x;)— {f’(x,-)(AX)} + %(AX)2 —
{f’(x,-)(Ax)} =f(x)—f(xi-1)+ () (Ax)2 —

2!
Flxg) = D= Flia) | F106) 0y

Ax 21
F(o) = L0 Flia) _Ai(x"*l) +0(Ax)
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Forward and Backward Difference Approximation

@ for forward difference approximatin
xpi=a, Xip1=X, Ax=x31-X

f(x;) = W +0(Ax)

@ for forward difference approximatin
xp=a, x1=x, Ax=xi—xj_1

f(xi) — f(xi-1)

f/(x,-) - Ax

+ O(Ax)
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Approximation Errors

@ the O(Ax) term shows that the error in the approximation
is of the order of Ax

@ both forward and backward difference approximation

of the first derivative are accurate in the order of O(Ax)

@ to get better approximations
the Central divided difference approximation of the first derivative.
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Deriving Central Divide Approximation (1)

f‘//(a)
2!

f(x)=f(a)+f(a)(x—a)+ (x—a)>+---
Forward difference approximation : let x; = a and x;11 = x
(from a toward x, approximate f(x;t1), using information at x;)

f'//(Xl_)

T(XHI —xi )P+

fxiv1) = F(xi) + ' (0) (g1 —xi) +

Backward difference approximation : let x; = a and x;_1 = x
(from a toward x, approximate f(x;_1), using information at x;)

fN(Xi)

o (i1 =)

f(xi—1) = F(xi) + £/ (%) (xi1 — xi) +
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Deriving Central Divide Approximation (2)

Forward difference approximation :
substitute Axy = xj11 — X;

/ f//(X/') 2
f(xip1) = F(xi)+ F(x)(Axy) + o (Axy)*+---
Backward difference approximation :
substitute Axy = x; — xj_1
f// i
f(xii1) = F(x;) — F(x)(Ax2) + Q(T ) (Axz)%—--
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Deriving Central Divide Approximation (3)

the same Ax = Ax; = Axo is used

in forward and backward difference approximation

’ ‘ backward ‘ ‘ Ax ‘ ‘ forward ‘ ‘
i=1 f(xo0) — | x1—x0 | — f(x1) i=0
i=2 f(x1) — | xo—x1 | = f(x2) i=1
i=3 f(x2) — | x3—x2 | = f(x3) i=2
i=4 f(x3) — | x1—x3 | & f(xa) i=3
i=5 f(xa) — | x1—x4 | — f(xs) i=4
i=6 f(xs) — | x1—x5 | — f(xe) i=5
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Deriving Central Divide Approximation (4)

Forward difference approximation : substitute Ax; = Xj41 —X;
Backward difference approximation : substitute Axp = x; — x;_1

i) = () + F (o) (Bs) + oD (a4 (1)
f(xii1) = f(x;) — ' (x:)(Ax2) + f”2(;<,-) (Ax2)? —--- (2)
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Deriving Central Divide Approximation

Fxiv1) = F(x) + £/ () (Bx1) + fﬂé!x")(Axl)erm 1)
Flxio1) = F(x) — F'(xi f"é!x")(sz)z_... )
subtracting eq(2) from eq(1)
F(xis1) — F(xi1) = 2F (%) (Ax) + 2t 3(X')(Ax)3+--~
2 (B) = F(xi4) — Fxi-a) — 2ol (py3
oy = £ Aloa) IR0 02
f() = TE 1) o (ap2)
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Central Divided Approximation

flx]

x—Ax X X+Ax

Figure: central difference approximation
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Higher Order Derivatives (1)

Forward Difference Approximation:
Let xj11 = x;i + Ax

" (x: ) X
Fli) = )+ F () + oD (a2 + T (anp 3)
Let xj12 = x; +2Ax
s (3)(x:
f(xit2) = F(x;)+ ' (x)(2Ax) + %(ZAX)Z + fT(!')(ZAx)"' +-- (4)
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Higher Order Derivatives (2)

(4)
Fs12) = ) + £ () eAx) + 70D 2+ PO s
24 (3)
7 ( x. (3) (x:
—2f(xj11) = —2f(x;)—f'(x; f 2(! ’)2(Ax)2 _ ) 3(, ')2(Ax)3+--.

(4)—2%(3)
F(xi2) = 2F (xie1) = —F () + £/ () (Bx) + ) () (Ax)* +

F'(x) = f(xit2) —(22(;):';1) +f(xi) 3 (x)(Ax)
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Higher Order Derivatives (3)

Forward Difference Approximation:
Let xj11 = x; + Ax and Xxj12 = x; + 2Ax

(5. (3)(x-

Flen) = F0) +F ()0 + 0D (ae+ E (asp g
(. (3)(x:

Flis2) = F0) 4 F0)ax) + D o+ T sy qa

7o) = O I 1) )

F'(x) = f(xit2) — (22(;):;1) + f(x;)

+ O (Ax)
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Higher Order Derivatives (4)

The formula given by equation (5) is a forward difference approximation
of the second derivative and has the error of the order of O(Ax).

for a better accuracy

We can get the central difference approximation of the second derivative.
Let xj11 = x; + Ax and xj_1 = x; — Ax

®)(x)

i) = F0) + 0B+ 70D (a2 0 (s ()
s (3)(x:
1) = F0) — Feax + 0D a2 - W a0 )
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Higher Order Derivatives (5)

Adding equations (6) and (7), gives

(6)+(7)
Flxisn)+ F(xi 1) = 2F () + £ () (Ax) +2 f(";(!xl-) (Bx)* 4
f(xip1) —2F(x;)+f(xi-1) = )"”(X,-)(Ax)2 +2 f(t)l(!X/.) (AX)4 +--
f(4)(Xf) 4 7 2
f‘(X,‘+1)—2f‘(X,‘)+f(X,‘,1)—2 (AX) — e = f (X,‘)(AX)

4]
f(XH—l) — 2f(X,‘) —+ f(X,',l)

(Bx)2 +0((Aax)?) = f"(x)
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Higher Order Derivatives (6)

Let xj11 = x; + Ax and xj_1 = x; — Ax

F(
2

. 3)(x;
i) = FO)+ 0B + 0D a1 0 ()

f(xii1) = f(x;) — F(x:)(Ax) + f”2(?[) (Ax)2 — ) (Ax)3 4+ (™)

Fls0)+ o) = £05)+ /() (A 4270 (st

 F(xie1) = 2F () + F(xi1)

f"(x,-) = (Bx)? +O((AX)2)

Young W Lim Differentiation of Continuous Functions



Forward Difference Approximation

Backward Difference Approximation
Approximations of a first derivative Taylor Series

Central Divided Difference

Higher Order Derivatives

Tangent Lines

@ ash—0,Q—P
and the secant line — the tangent line

@ the slope of the tangent line

m = lim 7f(a+h)—f(a)
raneent = p50  (a+h)—a

— lim f(a+h)—1(a)
"~ h=0 h
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