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Direct Fit Polynomials

given n+ 1 data points
(x0,¥0); (x1,¥1) -+ (Xn-1,¥n-1) (Xn,¥n)
one can fit a n'" order polynomial given by
Py(x) =ap+a1x+---+an1x" 14 a,x"

to find the first derivative

dP,
Pl(x) = ;)EX) = a1 +2ax+--+(n—1)a,_1x" %+ na,x"*

similarly other derivatives can be found
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Lagrange Polynomials (1)

given (n+1) data points
(XO,}/O)7(X1.,Y1)7-~-7(Xn71.}/n71)7(xn,}’n)

one can fit a n" order Lagrange polynomial given by

n

f(x) = Y Li(x)f(x)
i=0
where 1 in f,(x) stands for the n'" order polynomial
that approximates the function y = f(x)
given at (n+1) data points
as (x0,50); (x1,y1)-- -, (Xn—1,¥n-1), (Xn,¥n)
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Lagrange Polynomials (2)

one can fit a n'h order Lagrange polynomial given by

F,0) = Y Li()F(x)

i=0

where n in f,(x) stands for the n'” order polynomial for the function y = f(x)
n
fo(x) = ag +arx+-+ap_1x" 1+ ax" = Z Li(x)f(x;)
i=0

given at (n+ 1) data points as (xg,y0), (x1,¥1);-- -, (Xn—1,Yn—1), (Xn,¥n), and

n

X —X;
= 11 =5
Jj=0, j#i X TXj
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Lagrange Polynomials (3)

given a set of (n+1) nodes {xp,x1,-.-,Xn},
which must all be distinct, x; # x; for indices j # i,

the Lagrange basis for polynomials of degree < n for those nodes
is the set of polynomials {Lo(x),L1(x),...,La(x)}

Li(x) = H falinta’}

=0, i XX

X—Xp X—X1 X—Xj 1 1 X—=Xj41 X—Xj42 X —Xn
Xi =X Xj—X1 Xi —Xj—1 Xi = Xj41 Xjp—Xj12 Xj —Xn

https://en.wikipedia.org/wiki/Lagrange_polynomial
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Lagrange Polynomials (4)

each Lagrange basis of degree n take values
Li(x;)=0if j#iand L;j(x;) =1.

Using the Kronecker delta this can be written L;(x;) = §;;.
Each basis polynomial can be explicitly described by the product:

n
X — X
— J
Led= T1 =
=0, i X TN
X—Xp X—X1 X —Xj_1 1 X—=Xj+1 X—X/ 42 X —Xnp

Xi—Xo Xj—X1 Xi—Xj_1 Xi—Xjr1 Xji— X2 Xj —

https://en.wikipedia.org/wiki/Lagrange polynomial
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Lagrange Polynomials (5)

n
Xj— X
— J
Li(x) = -
k=0, k#i ~1 T 7~k
_NTX TN TNl ) X X X
Xi—X0 Xj—Xi Xi—Xi 1 X=Xl Xi—Xiio Xj = Xn
=0 v A =k#E i x=x
n
Xj — Xk
Li(Xi)_ X X
k=0, k#i i k
Xi—Xo Xi—X1 Xj—Xj-1 .1.X,'—X,"1.X,—X,"2 ..... Xj—Xn
Xi =X Xj—X1 Xi —Xj -1 Xi = Xi41 Xji—Xj12 Xi —Xn
=1

https://en.wikipedia.org/wiki/Lagrange_polynomial
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Lagrange Polynomials (6)

hen to find the first derivative, one can differentiate f,(x) for other derivatives.

n

f(x) = Y Li(x)f(x)

i=0

For example, the second order Lagrange polynomial
passing through (xo,y0),(x1,y1),(x2,y2)

fQ(X) = Lo(X)f(Xo) + Ll(X)f(X]_) + L2(X)f(X2)

2 2
X — X;
j
—, Lo(x)= :
=0, i X1 X] =0, i X2 T X]

X*XJ' X*Xj

2
L(x)= ]

> Li(x)=
J=0, j#i X0
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Approximations of a first derivative

Lagrange Polynomials (7)

the second order Lagrange polynomial passing through (xo y0),(x1.y1), (x2.y2)

fa(x) = Lo(x)f(x0) + L1 (x)f(x1) + La(x)f (x2)

2 X — X 2 X — X 2 X — X
Lo(x)= H 77/., Li(x)= H Po— 7;_, Ly(x)= H — 7;
j=0,7j#i X0 7% j=0,j#i X1 J=0, i X2 T

X — X1 ) X —X2 Ll(X _ X —Xp ) X — X2 L2(X _ X —Xp . X —X1

X1 —Xp) X1 — X2 X0 —X) X2 — X1
X0 X — X1 (2)

Lo(x)= ,
X0 — X1 Xp— X2
X—X X—X2 X=Xy X—Xo X —
f(x) = ——- f(x0)+ ——- f( 1)+ :
X0 — X1 X0 —X2 X1 — X0 X1 — — Xy X2 —
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Lagrange Polynomials (8)

the second order Lagrange polynomial passing through (xp yo0),(x1,y1),(x2,y2)

fz(X) = Lo(X)f(Xg) + Ll(X)f(Xl) + L2(X)f(X2)

Blx) = o T (0) s )+ ()
X0 — X1 X0 —X2 X1 — X0 X1 — X2 X2 —X) Xp— X1
%(X*Xl)(XfXQ)i(X*X2)+(X7X1)i2X7(X1+X2)
i )= 2X*(X1+X2) X 2X*(XO+X2) « 2X*(X0+Xl) «
dx 209= (XO*Xl)(XO*XQ)f( O)+(X17XO)(X17X2)f( 1)+(X27x0)(x27x1)f( 2)
izf(x): 2f(X0) 2f(X1) 2f(X2)
dx2 2 (x0o—x1)(x0—x2)  (x1—x0)(x1—x2) (X2 —x0)(x2—x1)
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Tangent Lines

@ ash—0,Q—P
and the secant line — the tangent line

@ the slope of the tangent line

. f(a+h)—f(a)
Meangent = [y G h)—a
— lim f(a+h)—1(a)

h—0 h
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